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their distribution. Therefore, so long as the judgeÕs action is not linear in her beliefs, 
the prosecutor may bene!t from persuasion.

To make this concrete, suppose the judge (Receiver) must choose one of two 
actions: to acquit or convict a defendant. There are two states of the world: the 
defendant is either guilty or innocent. The judge gets utility 1 for choosing 
the just action (convict when guilty and acquit when innocent) and utility 0 for 
choosing the unjust action (convict when innocent and acquit when guilty). The 
prosecutor (Sender) gets utility 1 if the judge convicts and utility 0 if the judge 
acquits, regardless of the state. The prosecutor and the judge share a prior belief  
Pr  (guilty)  =  0.3.

The prosecutor conducts an investigation and is required by law to report its full 
outcome. We can think of the choice of the investigation as consisting of the deci-
sions on whom to subpoena, what forensic tests to conduct, what questions to ask an 
expert witness, etc. We formalize an investigation as distributions !   (" | guilty)  and 
!   (" | innocent)  on some set of signal realizations. The prosecutor chooses !  and must 
honestly report the signal realization to the judge.

If there is no communication (or equivalently, if !  is completely uninformative), 
the judge always acquits because guilt is less likely than innocence under her prior. 
If the prosecutor chooses a fully informative investigation, one that leaves no uncer-
tainty about the state, the judge convicts 30 percent of the time. The prosecutor can 
do better, however. As we show below, his uniquely optimal investigation is a binary 
signal:

(1) !   (i | innocent)  =    4 _ 
7
   !   (i | guilty)  =  0

 !   (g | innocent)  =    3 _ 
7
   !   (g | guilty)  =  1.

This leads the judge to convict with probability 60 percent. Note that the judge 
knows 70 percent of defendants are innocent, yet she convicts 60 percent of them! 
She does so even though she is fully aware that the investigation was designed to 
maximize the probability of conviction.

In this paper, we study the general problem of persuading a rational agent by 
controlling her informational environment. We consider a symmetric information 
setting with an arbitrary state space and action space, an arbitrary prior, and arbi-
trary state-dependent preferences for both Sender and Receiver. Sender chooses 
an informative signal about the state of the world, Receiver observes a realization 
from this signal, and then she takes an action. Throughout the analysis, we prohibit 
Sender from making transfers or affecting ReceiverÕs payoffs in any way. We focus 
on two questions: (i) when does there exist a signal that strictly bene!ts Sender, and 
(ii ) what is an optimal signal from SenderÕs perspective?

A key assumption of our model is that Sender cannot distort or conceal informa-
tion once the signal realization is known. This allows us to abstract from the incen-
tive compatibility issues that are the focus of much of the previous literature on 
strategic communication. We discuss the precise meaning of this assumption and 
the settings where it is likely to apply when we introduce the general model below.

We begin by establishing a result that simpli!es our analysis. We show that we can 
reexpress the problem of choosing an optimal signal as a search over  distributions of 
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The main features of our model are: (i) a group of uninformed voters must choose 
whether to keep the status quo (default) policy or to implement a proposed new 
policy; and (ii ) an individual can in!uence this collective decision by strategically 
designing an experiment that reveals information about a  payoff-relevant state, as 
in Kamenica and Gentzkow (2011)Ñhenceforth, KG. To simplify presentation, we 
interpret our model as one in which a politician tries to persuade a group of voters. 
The politician is the head of the executive branch (or the head of a government 
agency), and the voters are members of the legislative branch (or general voters in 
the case of a ballot proposal). Voters must approve or reject a proposed policy, and 
the politicianÕs objective is to maximize the probability of approval.1 The politician 
can sway votersÕ decisions by strategically designing a policy experiment (a pilot 
test). After observing the results of the experiment, voters apply BayesÕ rule and 
reach a common posterior belief. They then choose an action (vote), and the pro-
posal is implemented if and only if it receives the approval of at least  k  voters, where  
k  is the established voting rule.

We "rst characterize the politicianÕs optimal experiment. We then ask: Given a 
 k -voting rule, do voters bene"t from the politicianÕs experiment? We show that 
under a  simple-majority rule, the politicianÕs in!uence always makes a majority 
of voters weakly worse off. A majority of voters is strictly worse off whenever the 
politicianÕs experiment targets different winning coalitions, that is, whenever the 
politician exploits votersÕ preference disagreement to increase the probability of 
approving the proposal. The next example illustrates this point.

Example 1: Suppose that there are three voters,  A  ,  B , and  C  , three equally likely 
states,  a  ,  b , and  c  , and a  simple-majority voting rule. The status quo yields a payoff 
of zero to each voter, while the proposalÕs payoff for each voter, conditional on each 
state, is described in Table 1.

For each state, the proposal is better than the status quo for one ÒwinnerÓ and 
worse for two Òlosers.Ó Without a policy experiment, all voters reject the proposal, 
as it yields a negative expected payoff. With a fully informative experiment, a major-
ity of voters (the two losers) reject the proposal. However, the politician can design 
the following experiment with three possible realizations. One realization reveals 
that the state is not  c  , thus revealing voter  C  to be a loser. This information targets 
coalition {A, B} to approve the proposal since, now, the proposalÕs expected payoff 
is positive for both  A  and  B . Another realization reveals that the state is not  b ; hence, 
coalition {A, C} approves the proposal. The last realization shows that the state is 
not  a ; hence, coalition {B, C} approves the proposal. Since the politicianÕs optimal 
experiment guarantees that the proposal will be implemented, all voters are strictly 
worse off because of the politicianÕs in!uence.

It is important to note that this negative in!uence can happen even when votersÕ 
preferences are very aligned. We say that (i) voters rank states in the same order 
if they agree on how to rank states according to the net payoff from approving the 

1 We "rst consider a politician with a  state-independent payoff who has no private information. In online 
Appendix B, we consider a politician with a  state-dependent payoff who may also privately learn the state.
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proposal;2 and (ii ) voters agree under full information if they would always agree on 
the approval/ rejection decision if they knew the true state. Even when both condi-
tions hold, we show that under a  simple-majority rule, a majority of voters may still 
be strictly worse off because of the politicianÕs in!uence (see Example 2 in Section 
IIB).

Anticipating the politicianÕs in!uence, which  k -voting rule do voters prefer? 
Voting rules affect outcomes not only by the consensus required to approve the 
proposal, but also by the equilibrium amount of information that the politicianÕs 
experiment provides about the proposalÕs relative merits. In particular, while requir-
ing a higher consensus (higher  k ) may lead to excessive rejection of the proposal, 
it may also induce the politician to provide a more informative experiment. Voters 
then face a  trade-off between control and information. We "rst show that if voters 
rank states in the same order, then each voter has  single-peaked preferences over  
 k -voting rules. This implies that a majority of voters prefer any supermajority voting 
rule over a  simple-majority rule.3 Our last result shows that, if voters rank states in 
the same order and agree under full information, then every voter prefers unanimity 
over any other  k -voting rule. That is, even heterogeneous voters may agree on the 
optimal electoral rule.

Our paper is related to the recent literature on strategic experimentation,4 KG 
in particular. KG develop the fundamental methodology to solve a broad class of 
strategic experimentation problems when players have common priors. Alonso and 
C‰mara (2016a) study strategic experimentation when players have different prior 
beliefs. As in our paper, Alonso and C‰mara (2016b), Michaeli (2014), Taneva 
(2014), and Wang (2013) focus on strategic experimentation when there are mul-
tiple receivers. Moreover, in our paper, the incumbent politician strategically gen-
erates information about the payoff consequences of a new policy through a small 
scale policy experiment. In other papers, e.g., Callander (2011), the incumbent stra-
tegically generates information by fully implementing policies.

Our paper also relates to the broad literature on how institutional rules endog-
enously affect the information available to voters. Following the work of 
 Austen-Smith and Banks (1996) and Feddersen and Pesendorfer (1996), a large 
literature has studied how voting rules affect information aggregation via the strate-
gic behavior of  privately-informed voters. Recent papers focus on how voting rules 

2 For example, voters rank states in the same order if the unknown state represents the ÒqualityÓ of the proposal, 
and each voterÕs net payoff from approving the proposal increases in its quality. 

3 Here, we assume that a majority would reject the proposal in the absence of the policy experiment.
4 For example, Brocas and Carrillo (2007); Gill and Sgroi (2008); Duggan and Martinelli (2011); and Rayo and 

Segal (2010). 
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on   S 1   =   {  s   !   ,  s   +  }    that induces posteriors   q   "!    and   q   "+   . We say that   #  1  
"    is an optimal 

collective experiment if it maximizes the ratio of the distances

(2)    
d( p,  q   "!   )

 _________ 
d( p,  q   "+   )

   =  max   
d( p,  q   !   )

 _______ 
d( p,  q   +   )

   , 

subject to   q   !   $   R k    and   q   +   $  co( W k   )  , with  {  q   !   , p,  q   +   }  collinear. As we move 
beliefs from prior  p  to posterior   q   "+    , we get closer to the win set; hence,   #  1  

"    captures 
collective persuasion. The politician then runs experiment   #  2  

"    only after observing   
s   +   . We say that experiment   #  2  

"    with realization space   S  2    is an optimal targeted exper-
iment if, for every   s 2   $   S  2    , we have  q( s   +   ,  s 2   ) $   W k   . That is, after observing   s   +    and 
any realization   s 2    of   #  2  

"    , at least  k  voters would approve the proposal. Note that   #  2  
"    

captures targeted persuasion as different realizations of   #  2  
"    convince different coa-

litions of voters. That is, experiment   #  2  
"    exploits voter disagreement to increase the 

chance of the proposal being approved.

PROPOSITION 3: Consider an electorate {  %   1  , É  ,   %   n  }  and a  k -voting rule, with  
p & co( W k   )  and   W k   '  !  . Experiment  #  is optimal if it is the composition of an 
optimal collective experiment   #  1  

"    and an optimal targeted experiment   #  2  
"   .

The proof of Proposition 3 follows immediately by replacing  A(%)  with  co( W k   )  , 
and  R(% )  with   R k    in Proposition 1 and then applying the same reasoning as in the 
proof of Proposition 1. In particular, the collective experiment   #  1  

"    maximizes the 
probability of observing realization   s   +    , given the constraint that   q   "+    must belong to 
the convex hull of the win set.

Note that the proposal is approved with certainty following realization   s   +    of   #  1  
"    , 

and it is rejected with certainty following realization   s   !   . Hence, knowledge of the 
binary experiment   #  1  

"    suf"ces to compute the expected payoff of all players. If vot-
ers rank states in the same order, then we can construct a weak representative voter   
%   "   (k)  such that, for all players, persuading dictator   %   "   (k)  is  payoff-equivalent to 
persuading the electorate under the  k -voting rule. Furthermore, we can choose   %   "   (k)  
such that it ranks states in the same order as voters in the electorate (see Proposition 
B.2 in online Appendix B). Example 2 illustrates these insights.

Example 2: Consider states  (  =  {  )  1   ,  )  2   ,  )  3   } ; voters  {  %   A  ,  %   B  ,  %   C  } ; and simple 
majority  k =  2 . Let   %   )  3    

i   >  0 >   %   )  2    
i   >   %   )  1    

i    for  i $  { A, B, C}  , so that all voters (i) 
rank states in the same order and (ii ) agree under full information. The prior belief 
and the win set are depicted in Figure 2, panel A. Figure 2, panel B depicts the 
posterior beliefs  {  q   !   ,  q  A  +   ,  q  B  +   }  induced by an optimal experiment   #   "    supported on 
 S =  {  s   !   ,  s  A  +   ,  s  B  +   } . Realization   s  A  +    induces posterior   q  A  +    and coalition  { A, C}  
approves the proposal; realization   s  B  +    induces posterior   q  B  +    and coalition  { B, C}  
approves the proposal; realization   s   !    induces posterior   q   !    and rejection.

To understand this optimal experiment, we "rst analyze the weak representative 
voter   %   "   . Voter   %   "    is represented in Figure 2, panel C by the dotted line, which delin-
eates the convex hull of the win set   W 2   . The optimal experiment with delegation to   %   "    
coincides with   #  1  

"    in Proposition 3 and induces posteriors   q  "   
+    and   q   !   . The line con-

necting   q   !    and   q  "   
+    in Figure 2, panel C is a direction of common interest: all  voters 
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agree that moving beliefs from   q   !    in the direction of   q  "   
+    represents Ògood newsÓ 

about the proposal. Thus,   #  1  
"    captures collective persuasion. Although   q  "   

+    is good 
news about the proposal, it is not enough to convince voters   %   A   and   %   B  . Therefore, 
the politician relies on targeted persuasion. Starting from   q  "   

+    , experiment   #  2  
"    moves 

the belief to either   q  A  +    or   q  B  +   . The straight line connecting   q  A  +    and   q  B  +    in Figure 2, 
panel B is a direction of opposing interest: moving beliefs from   q  A  +    in the direction 
of   q  B  +    represents Ògood newsÓ about the proposal to voter   %   B   , but Òbad newsÓ to 
voter   %   A  . It is important to note that the weak representative voter corresponds pre-
cisely to this direction of opposing interest, as Figure 2, panels B and C illustrate. 
From belief   q  "   

+    , the politician ensures approval by exploiting the votersÕ opposing 
interests. The fact that, at posterior   q  "   

+    , the politician ensures approval, but voters   %   A   
and   %   B   strictly prefer to reject, implies that the politicianÕs in!uence strictly reduces 
the expected payoff of a majority of voters: voters   %   A   and   %   B  .

III.  Institutional Design

A. Do Voters Bene!t from the PoliticianÕs Experiment?

The next corollary summarizes some welfare consequences of the politicianÕs 
in!uence by studying two scenarios: (i) voters choose a policy on the basis of their 
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A signal !  consists of a !nite realization space S and a family of distribu-
tions   {!   (" | #) }  #$%  over S. Sender chooses a signal. Receiver observes SenderÕs 
choice of the signal and a signal realization s $ S, and then takes her action. Our 
solution concept is Sender-preferred subgame perfect equilibrium: given SenderÕs 
choice of !  and a signal realization s, Receiver forms the posterior  & s  using BayesÕs 
rule and takes an action from the set  a *  ( & s )  =  arg ma x  a$A  '

     E  & s   [u (a, #) ] . We assume 
that there are at least two actions in A and that for any action a there exists a 
& such that a $  a *  (&) . If Receiver is indifferent between some actions at a given 
belief, we assume she takes an action that maximizes SenderÕs expected utility. This 
assumption simpli!es notation and provides a useful benchmark in case of multiple 
equilibria. We let   " a  (&)  denote ReceiverÕs equilibrium action at belief &.2 We refer 
to   " a  ( & 0 )  as the default action. Taking ReceiverÕs behavior as given, Sender chooses a 
signal !  which maximizes his expected utility.3 In the remainder of the paper, we use 
the term ÒequilibriumÓ to mean a Sender-preferred subgame perfect equilibrium.

A common special case is where # is a real-valued random variable, ReceiverÕs 
action depends only on the expectation  E &  [#] , rather than the entire distribution &, 
and SenderÕs preferences over ReceiverÕs actions do not depend on #. This holds, 
for example, if u  (a, #)  =  (    (a (  #)  2  and v  (a, #)  =  a. When these conditions are 
satis!ed, we will say that SenderÕs payoff depends only on the expected state.

We de!ne the value of a signal to be the equilibrium expectation of v  (a, #)  under 
that signal. The gain from a signal is the difference between its value and the equi-
librium expectation of v  (a, #)  when Receiver obtains no information. Sender ben-
e!ts from persuasion if there is a signal with a strictly positive gain. A signal is 
optimal if no other signal has higher value. Clearly, in equilibrium Sender selects an 
optimal signal.

Given a signal, each signal realization s leads to a posterior belief  & s  $  )  (%) . 
Accordingly, each signal leads to a distribution over posterior beliefs. We denote 
a distribution of posteriors by * $  )  ()   (%) ) . Algebraically, a signal !  induces * if 
Supp  (*)   =    { & s }  s$S  and

  & s  (#)   =  '  
!  (s | #)  & 0  (#)  

  __  
 +   #, $%  

'
   ' !  (s |  #,  )  & 0  ( #,  ) 

     for all s and #

 *  (&)  =  ' +  
s: & s =&

  
'

    '  +  
 #, $%

  
'

   ' !  (s |  #,  )  & 0  ( #,  )  for all &.

We say a belief & is induced by a signal if * is induced by that signal and *  (&)  >  0. 
A distribution of posteriors is Bayes plausible if the expected posterior probability 
equals the prior:

  +  
Supp(*)

  
 

   &  *  (&)  =   & 0 .

2 If there is more than one action in  a *  (&)  that maximizes SenderÕs expected utility, we let   " a  (&)  denote an arbi-
trary element of that set. This allows us to use convenient notation such as v  (  " a  (&) , #) .

3 Note that Sender cannot bene!t by using mixed strategies; for any randomization over signals, there is a single 
signal that leads to identical outcomes.
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B. Simplifying the Problem

A distribution of posteriors induced by a signal determines a distribution of 
ReceiverÕs actions. From SenderÕs perspective, any signal that induces the same dis-
tribution of actions conditional on the state must have the same value. To determine 
whether there exists a signal with some given value, therefore, it is suf!cient to ask 
whether there exists a distribution of ReceiverÕs posteriors that can be induced by a 
signal and that generates expected utility for Sender equal to that value. Hence, we 
need to know (i) which distributions of posteriors can be induced, and (ii ) what is 
the expected utility generated by each distribution of posteriors?

Bayesian rationality requires that any equilibrium distribution of ReceiverÕs 
beliefs be Bayes-plausible. Our !rst proposition below shows that this is the only 
restriction imposed by Bayesian rationality. That is, for any Bayes-plausible distri-
bution of posteriors there is a signal that induces it.4

When both Sender and Receiver hold some belief &, SenderÕs expected utility is 
equal to

   " v  (&)  -   E & v (  " a  (&) , #).

Since SenderÕs and ReceiverÕs beliefs coincide, SenderÕs utility from any signal 
which induces a distribution of posteriors * is simply the expectation of   " v  under *, 
i.e.,  E *   " v  (&) .

Combining the two observations above allows us to greatly simplify the analysis 
of our game. We simplify the analysis further by noting that, without loss of general-
ity, we can restrict our attention to a particular class of signals. Say that a signal is 
straightforward if S .  A and ReceiverÕs equilibrium action equals the signal realiza-
tion. In other words, a straightforward signal produces a Òrecommended actionÓ and 
Receiver always follows the recommendation.

PROPOSITION 1: The following are equivalent:

 (i)  There exists a signal with value  v * ;

 (ii ) There exists a straightforward signal with value  v * ;

 (ii i)  There exists a Bayes-plausible distribution of posteriors * such that 
 E *   " v  (&)  =   v * .

Detailed proofs of all propositions are in Appendix A. The basic idea behind this 
proposition, however, is simple. The equivalence of (i) and (ii ) is closely analo-
gous to the revelation principle (e.g., Roger B. Myerson 1979), except that the rev-
elation principle applies to problems where playersÕ information is a given, while 
our problem is that of designing the informational environment. To see the equiva-
lence between (i) and (iii ), given a * let S index Supp  (*)   and consider a signal 

4 Strictly speaking, because S is !nite, this is true only for distributions of posteriors with !nite support. This, 
however, is not a substantive restriction, since % is also !nite.
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!   (s | #)  =   & s  (#)   *  ( & s ) /  & 0  (#)  . Simple algebra reveals that !  induces *. As we men-
tioned earlier, this equivalence shows that Bayes plausibility is the only restriction 
on the equilibrium distribution of posteriors.5 This fact is closely related to Eran 
Shmaya and Leeat YarivÕs (2009) concurrent work that identi!es which sequences 
of distributions of posteriors are consistent with Bayesian rationality.

The key implication of Proposition 1 is that to evaluate whether Sender bene!ts 
from persuasion and to determine the value of an optimal signal we need only ask 
how  E *   " v  (&)  varies over the space of Bayes-plausible distributions of posteriors.6

COROLLARY 1: Sender bene!ts from persuasion if and only if there exists a Bayes-
plausible distribution of posteriors * such that

  E *    " v  (&)  >    " v  ( & 0 ) .

 The value of an optimal signal is

 '  
'
 
 

 max    
*
   E *   " v  (&) 

' s.t.   +  
Supp(*)

  
 

   &  d *  (&)  =   & 0 .

Note that Corollary 1 does not by itself tell us that an optimal signal exists. Our 
focus on Sender-preferred equilibria, however, implies that   " v  is upper semicontinu-
ous which in turn ensures the existence of an optimal signal.

We introduce a !nal de!nition that will be useful in the analysis that follows. Let 
V be the concave closure of   " v  :

 V (&)  -  sup {'z |  (&, z)  $  co(  " v )},

where co (  " v )  denotes the convex hull of the graph of   " v . Note that V is concave by 
construction. In fact, it is the smallest concave function that is everywhere weakly 
greater than   " v .7 Figure 1 shows an example of the construction of V. In this !gure, 
the state space is binary, and we identify a distribution & with the probability of one 
of the states. Specifying this probability of course uniquely pins down the entire 
distribution &.

To see why V is a useful construct, observe that if  ( &, , z)  $  co (  " v ) , then there 
exists a distribution of posteriors * such that  E *  & =   &,  and  E *    " v  (&)  =  z. Thus, by 
Proposition 1, co (  " v )  is the set of  (&, z)  such that if the prior is &, there exists a signal 
with value z. Hence, V (&)  is the largest payoff Sender can achieve with any signal 
when the prior is &.

5 Juan-Jose Ganuza and Jose Penalva (2010) utilize this isomorphism between signals and distributions of poste-
riors to introduce orders on the space of signals based on the dispersion of the distribution of posteriors they induce.

6 This observation reveals a strong connection between our setting and the behavioral economics literature where 
agents are assumed to have explicit preferences over beliefs and choose what information to obtain (e.g., Andrew 
Caplin and John Leahy 2004; Botond K  ý   o szegi 2006; K!r Eliaz and Ran Spiegler 2006).

7 Our de!nition of concave closure is closely related to the notion of a biconjugate function in convex analysis 
(Jean-Baptiste Hiriart-Urruty and Claude LemarŽchal 2004). Aumann and Maschler (1995) refer to V as the con-
cavi!cation of   " v .
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COROLLARY 2: The value of an optimal signal is V ( & 0 ) . Sender bene!ts from per-
suasion if and only if V ( & 0 )  >    " v  ( & 0 ) .

Figure 2 shows the function   " v , the optimal signal, and the concave closure V in 
the motivating example from the introduction. In the !gure, & denotes the prob-
ability that the state is guilty. As panel A shows,   " v  is a step function: the prosecu-
torÕs expected payoff is 0 whenever & is less than 0.5 (since the judge will choose 
acquit) and 1 whenever & is greater than or equal to 0.5 (since the judge will choose 
convict). As panel B shows, the optimal signal induces two posterior beliefs. When 
the judge observes i, her posterior belief is & =  0 and   " v  (0)  =  0. When the judge 
observes g, her posterior belief is & =  0.5 and   " v (0.5) =  1. The distribution * over 
these beliefs places probability 0.4 on & =  0 and probability 0.6 on & =  0.5. Hence, 
the prosecutorÕs expected utility is  E *    " v  (&)  =  0.6. The distribution * is Bayes plau-
sible since  & 0  =  0.3 =  0.4 /  0 +  0.6 /  0.5. As panel C shows, the concave closure 
V is equal to 2& when & 0  0.5 and constant at 1 when & >  0.5. It is clear that 
V ( & 0 )  >    " v  ( & 0 )  and that the value of the optimal signal is V ( & 0 ) . Finally, following 
the proof of Proposition 1, it is easy to compute the signal that induces the optimal 
*  : !  (s | #)  =   & s  (#)   *  ( & s ) /  & 0  (#)  . This yields the signal in equation  (1) .

C. The Commitment Assumption

Most existing models of strategic communication consider settings where Sender 
is perfectly informed and has a limited ability to commit to communicate to Receiver 

F#$%&' 1. A( I))%*+&,+#-( -. C-(/,0' C)-*%&'
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   v 

co(   v )







The next lemma provides another useful observation, which is also a generalization
of the same lemma of Aumann and Maschler. This lemma characterizes the maximal
distance that can be achieved between any two induced beliefs about the total expected
amount of resources. This maximal distance imposes a constraint on the maximal
degree of convexiÞcation that can be achieved in our problem as explained in the two
sections below.

Lemma 3. Given a distribution of resources r1, . . . , rK , and given any two total
expected amounts of resourcesrL < E [ r ] < r H , it is possible to send two messages
L and H such that

r (L ) = rL r (H ) = rH

provided that r 1 ! r L , rH ! rK , and

rL "
! k! ! 1

k=1 ! k r k + (1 # p)! k! r k!

! k! ! 1
k=1 ! k + (1 # p)! k!

where k" $ { 1, á á á, K } and p $ [0, 1) are the unique solution to:

rH =

! K
k= k! +1 ! k r k + p! k! r k!

! K
k= k! +1 ! k + p! k!

.

Proof. The maximum di!erence between rH and rL is obtained when messageH is
sent in states k $ { k" + 1 , á á á, K } , messageL in states k $ { 1, á á á, k" # 1} , and in
state k" messagesH and L are sent with probabilities p and 1 # p, respectively, for
some statek" $ { 1, . . . , K } and probability p. The condition on rL reßects the lowest
possible value ofr L given a set value for rH under this signaling/persuasion policy.
Less extreme messages permit closer values ofrH and rL . !

The next example illustrates the restrictions that the distribution of resources im-
poses on the relationship between the induced posterior expectations about the total
amount of resources availabler (H ) and r (L ).

Example 3. Consider a case with three states of the world. Resources are given by
(r 1, r 2, r 3) = (0 , 1

2, 1) and the prior is (! 1, ! 2, ! 3) = ( 1
4, 1

2, 1
4). The expected amount of

resources isE [ r ] = 1
2. As mentioned in the introduction, because sending messages

about the state of the world induces a coarsening of the driversÕ beliefs relative to the
true state, it follows from Blackwell (1953) that the distribution of posterior expecta-
tions of resources is second order stochastically dominated by the prior distribution.

In turn, this implies that in this example, the lowest possible posterior expectation
rL depends on the highest induced posterior expectationrH and is given by

rL = max
"

3rH # 2
8rH # 5

, 0
#

.

If 1
2 < r H ! 2

3 then rL is unrestricted; the lowest possible value ofr L increases
monotonically with 2

3 < r H < 1; and if rH = 1 then rL = 1
3.
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r (L ) E(r ) r (H ) r

D (r )

Figure 5: Optimal solution in the unconstrained case involves only two messages

However, the distribution of resources imposes restrictions on the set of posterior
expectations{ r (m)} that have to be taken into account. These restrictions imply that
the problem is given by the following constrained convexiÞcation problem

min
{ Pr( m)} ,{ r (m)}

$
M%

m=1

Pr(m)D (r (m)) :
M%

m=1

Pr(m) = 1 ,
M%

m=1

Pr(m) ár (m) = E [r ]

&

subject to the constraint that there exists an assignment of probabilities{ pk(m)} that
induces the set of posterior expectations{ r (m)} , or such that

r (m) = a(m) =
n%

i =1

ai (m) =
K%

k=1

ai
k (m) Pr ( k |m )

where each conditional probability Pr (k |m ) can be expressed in terms of the proba-
bilities { pk(m)} using Bayes Rule as in (2).

The restrictions that the distribution of resources imposes on the set of posterior
expectations { r (m)} implies that sometimes three or more messages may generate
a lower value of the objective function than just two messages. The next example
describes a situation in which three messages are better than two. Similar examples
may be constructed in which four messages are better than three and two, Þve are
better than four, three and two, etc.

Example 4. A city has two neighborhoods with the thresholds " 1 = 1
2 and " 2 = 1

and social disutilities s1 = 1
4 and s2 = 1 . There are three states, with resourcesr1 = 0 ,

r 2 = 1
2 and r3 = 1 , and probabilities ! 1 = 1

4, ! 2 = 1
2 and ! 3 = 1

4, respectively. Clearly,
as shown by Figure 6 below, optimal deterrence with two messagesL and H (such that
r (L ) < r (H )) requires that r (H ) = 1 and r (L ) is set as low as possible, which in this
case impliesr (L ) = 1

3, Pr(L ) = 3
4 and Pr(H ) = 1

4. The value of the objective function
in this case is 3

4 á5
4 + 1

4 á1
4 = 1 . This is also the value of the objective function with no
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messages at all or just one message. But with three messages that reveal the state of
the world, the expected value of the objective function is1

4 á5
4 + 1

2 á1 + 1
4 á1

4 = 7
8 < 1.

0 11/ 3 1/ 2 r

D(r )

5/ 4

1

E[r ]

Figure 6: Three messages are better than two

The next theorem bounds the maximum number of messages needed in order to
implement the optimal solution.

Proposition 5. Suppose that the expected amount of resourcesE[r ] is an interior
point of the segment [r [l ], r [l+1] ]. Then, the number of messages needed in order to
obtain the optimal solution is no more than the number of steps of the functionD(r )
in the segment[r [l ], r [l+1] ] plus one. If the expected amount of resources coincides with
one of the points r [0], r [1], . . . , r [I ], then no messages or just one message is needed for
the optimal solution.

Proof. Suppose that the expected amount of resourcesE[r ] is an interior point of
some segment[r [l ], r [l+1] ]. An identical argument to the one used in the proof of
Proposition 3 shows that no loss of generality is implied by restricting attention to a
set of messages that induce posterior expectations that lie in the interval[r [l ], r [l+1] ].
This is because any two messagesL and H that induce posterior expectations r (L ) <
r [l ] < r [l+1] < r (H ), can be replaced by two messagesL " and H " that are such that
r (L ") = r [l ] and r (H ") = r [l+1] without a!ecting the probabilities of the other messages
or their posterior expectations in a way that decreases expected disutility. And any
two messagesL and H that induce posterior expectations r [l ] ! r (L ) and r [l+1] <
r (H ) can be replaced by two messagesL " and H " that are such that r (L ") = r (L )
and r (H ") = r [l+1] without a!ecting the probabilities of the other messages or their
posterior expectations in a way that decreases expected disutility. A similar argument
shows that any two messagesL and H that induce posterior expectations r (L ) < a [l ]
and r (H ) ! r [l+1] can be replaced by two messagesL " and H " that are such that
r (L ") = r [l ] and r (H ") = r (H ) without a!ecting the probabilities of the other messages
or their posterior expectations in a way that decreases expected disutility.
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Motivation: Personalized Medicine

Personalized medicine allows health providers to tailor
treatment to a patientÕs genetic structure

Genetic bio-markers indicate an individual susceptibility
to disease
Genetic screening can be used to predict the e!cacy of
various treatments



The Problem

Health providers control information about the consumerÕs
ÓtypeÓ, and so they can:

Deny coverage based on genetic proÞling
Bias the treatment selection to reduce cost at the
expense of consumer welfare



Objective

How should a regulator restrict the ÞrmÕs ability to acquire
information in order to:

Enable consumers to enjoy the beneÞts of personalized
medicine
Limit the ÞrmÕs ability to extract surplus by ÒpersuasionÓ



Example

An insurance Þrm sells a standard policy; Genetic testing can
reveal a consumerÕs type

Three types of equally likely consumers; payo"s of consumers
and insurance Þrm are:

Type Covered Non-covered
Immune (! 1, 1) (0, 0)

Responsive (2, ! 1) (0, 0)
Non-responsive (! 2, ! 1) (0, 0)



Example: No Genetic Testing

Type Covered Non-covered
Immune (! 1, 1) (0, 0)

Responsive (2, ! 1) (0, 0)
Non-responsive (! 2, ! 1) (0, 0)

With no genetic testing:
Expected proÞt from o"ering coverage is negative
Expected utility from buying coverage is negative

The insurance market collapses



Example: Full Genetic Testing

Type Covered Non-covered
Immune (! 1, 1) (0, 0)

Responsive (2, ! 1) (0, 0)
Non-responsive (! 2, ! 1) (0, 0)

With full information:
Firm o"ers coverage to the immune and half the
responsive

Consumers donÕt beneÞt from insurance market



Example: Restricted Genetic Testing

Type Covered Non-covered
Immune (! 1, 1) (0, 0)

Responsive (2 ! 1) (0, 0)
Non-responsive (! 2, ! 1) (0, 0)

To maximize consumer surplus a regulator should reveal only
whether the consumer is non-responsive or not:

Firm will insure the responsive/immune
Consumers buy coverage if o"ered



Restricted Bayesian Persuasion in General

Providing access to information can beneÞt consumers:
Personalized/location-based recommendations (e.g.,
iPhone, Netßix)
Credit scores

Providing access to information can harms consumers:
Personalized pricing
Manipulation (e.g., Cambridge Analytica)

Strategically restricting a persuaderÕs access to information
can beneÞt consumers(e.g., Fair Credit Reporting Act 1970)



Restricted Bayesian Persuasion in General

Providing access to information can beneÞt consumers:
Personalized/location-based recommendations (e.g.,
iPhone, Netßix)
Credit scores

Providing access to information can harms consumers:
Personalized pricing
Manipulation (e.g., Cambridge Analytica)

Strategically restricting a persuaderÕs access to information
can beneÞt consumers(e.g., Fair Credit Reporting Act 1970)



Set Up

Three players: Designer, Seller, Buyer

State of nature ! = { ! 1, . . . , ! m} ; prior ø"

Action setA = { a0, a1, . . . , an} ; a0 is null action

BuyerÕs utility isu(a, ! ), SellerÕs utilityv(a, ! )

Designer aims to maximizes BuyerÕs ex-ante utility



Set Up

Designer selects information structurep(s, ! ), S and
permissible actionsAp

Seller observess and recommends actionar to Buyer

Buyer chooses betweenar and a0

Seller can commit versus Buyer but not versus Designer:
Before observing signal Seller choosesR(ar |s)



Two Actions: Visualization

DeÞne:" u(a1, ! ) = u(a1, ! ) ! u(a0, ! ); " v(a1, ! ) = v(a1, ! ) ! v(a0, ! )

! u(a1, ! )

! v(a1, ! )

!
!

!
!

!

!

!

!

Each point represents a state

Prior is not represented



Two Actions -ÒRevelation PrincipleÓ

Divide state space into:
A - Acceptance region: states wherea1 is o#ered
R - Rejection region: states wherea0 is o#ered
some states may belong to both regions

! u(a1, ! )

! v(a1, ! )

"
"

"
"

"

"

"

"

!
!

!
!

!
!

!
! !R

A



Two Actions: Preferred Information Regimes

! u(a1, ! )

! v(a1, ! )

"
"

"
"

"

"

"

"

R

A

BuyerÕs preferred regime

Not (necessarily) IC for seller

! u(a1, ! )

! v(a1, ! )

"
"

"
"

"

"

"

"

R

A

SellerÕs preferred regime

Buyer may rejecta1



Two Actions: Optimal Information Regime

Start from BuyerÕs preferred regime
Tilt boundary to sweeten acceptance region for Seller:

Add states in 4th quadrant
Remove states in 2th quadrant

! u(a1, ! )

! v(a1, ! )

"
"

"
"

"

"

"

"

R

A

"
#

E(! v(a1, ! )|A ), E(! v(a1, ! )|R ) < 0

(assumption)

! u(a1, ! )

! v(a1, ! )

"
"

!
!

"

"

"

!

!
!

!
!

!
!

!
! !R

A

E(" v(a1, ! )|A ) = 0
(optimality)



Two Actions: Optimal Partition

Theorem
If both actions are used under the optimal information structure, it
is represented by a downward slopping line that passes through the
origin.

Intuition:

Pareto e$cient state by state

When there is disagreement
O#er BuyerÕs preferred action when his gain is large
relative to SellerÕs loss
O#er SellerÕs preferred action when his loss is large
relative to BuyerÕs gain



Two Actions: State Independent Preferences

Proposition
If SellerÕs ranking of actions is constant across states, then BuyerÕs
expected payo! is the same under all information regimes.

Intuition:
Buyer must be indi#erent to acceptinga1

Implications:
Designer (regulation) cannot help the Buyer
Designer can harm Seller





tion) Consider the example of a candidate for public o!ce with a reputation for being

tough who tries to persuade the public to elect her for o!ce. The state of the world is

either ÒpeacefulÓ or Òdi!cult,Ó with prior probabilities two-thirds and a third, respec-

tively. Suppose that the public would like to elect the candidate if it believes that the

probability that the state is di!cult, denoted p, is larger than or equal to one-half. If

it believes this probability to be smaller than one-half, then it prefers to elect another

candidate. Suppose that the payo" to the candidate from being elected and not is one

and zero, respectively, regardless of the state of the world.

Suppose that the candidate, who observes the state of the world, employs the following

message strategy. If the state is di!cult, then the candidate sends the message Òtough.Ó

And if the state is peaceful, then the candidate randomizes between sending the message

ÒtoughÓ and the message Òpeace.Ó

Upon hearing the message Òpeace,Ó a public that believes that the candidate is us-

ing this message strategy realizes that the state is peaceful (p = 0) and elects another

candidate. But upon hearing the message ÒtoughÓ, the public believes that the state is

di!cult with probability one-half ( p = 1
2) and elects the candidate. As famously shown

by Kamenica and Gentzkow (2011), this is the message function that maximizes the ex-

pected payo" of a candidate who has the ability to fully commit to following its message

strategy.

Suppose that the cost of deception to the candidate is given by the di"erence in induced

beliefsp under the message actually sent and the message that was supposed to be sent

given the message strategy described above. This means that when the state is peaceful,

the cost of sending the message ÒtoughÓ (that induces the public to elect the candidate)

instead of the message ÒpeaceÓ (that induces the public to elect another candidate) is

one-half.

The public realizes that if it believes that the candidate uses the message strategy

described above, then the beneÞt to the candidate of sending the message ÒtoughÓ instead

of ÒpeaceÓ is one. So the public understands that this message strategy is not credible,

in the sense that it cannot possibly by used by the candidate in equilibrium.

As explained above, we are interested in what can be communicated through credible

message functions, that can be part of an equilibrium, and that would not induce the

candidate to deceive the public. In this example, because the beneÞt that the candidate

obtains from being elected is one, as long as the cost of deception is smaller than one, a

message function that induces certain election of the candidate following some messages

cannot be credible.
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The message function that is such that the candidate send the message ÒtoughÓ if

the state is di!cult, and ÒpeaceÓ otherwise is credible. The ex-ante expected payo" of

the candidate under this message function is one-third, compared to two-thirds under the

message function the candidate could use if it were able to fully commit to it. This is

the optimal credible message strategy for the candidate in this example. The fact that it

fully reveals the state of the world to the public suggests that the public beneÞts from the

fact that the candidate cannot commit to its message strategy. Indeed, as we show below,

in certain circumstances, the mistrust that is induced by the possibility of deception can

beneÞt the receiver.2

(Description of what we do in the paper; this needsto be significantly expandedto in-

cludeall major results) We introduce costly deception into a model of Bayesian persuasion

(Kamenica and Gentzkow, 2011) and into a model of a cheap-talk game (Crawford and

Sobel, 1982). The possibility of deception weakens the ability of the sender to fully

commit to its message function in Bayesian persuasion. We characterize the optimal

message function in this case and show that it involves partial convexiÞcation of the

senderÕs underlying payo" function.3

In contrast, in cheap-talk games, the fact that deception is costly implies that talk

is not cheap and therefore improves the ability of the sender to commit to its message

function. We show that unlike in the model of Crawford and Sobel (1982), costly deception

allows for non-partitional information structures in equilibrium. We solve for the optimal

message function for the sender and show that it is partitional. The fact that deception is

costly allows the sender to transmit more information to the receiver. For any two costs

of deception, the best equilibrium with a higher cost of deception Pareto dominates the

best equilibrium with a lower cost of deception.

Related Literature

Lying and deception are condemned by many, including such Þgures as Aristotle, Saint

Augustine, Saint Thomas Aquinas, and Immanuel Kant. There are many papers that

present laboratory experiments that demonstrate that people are unwilling to lie or deceive

for monetary rewards (see Abeler et al. (2019) for a meta-analysis of this literature).

Sobel (2020) introduces a game theoretic deÞnition of lying and of deception. He

2Lipnowski et al. (2019) refer to this as Òproductive mistrust.Ó We explain the circumstances under
which it arises below.

3Taken from Lipnowski Ð adapt to our paper and cite them in a footnote, saying that their value
functin is capped whereas ours is XX. To derive our results, we geometrically characterize the senderÕs
highest equilibrium payo!, which is based on the concave envelope of her capped value function.
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receiver that the reporting policy is credible, the sender decreases the gain from deviation.

To do that the sender decreases the distance between the posteriors, e!ectively garbling

the signal.

Intuition: two ways of dealing with a lower! : 1. ÒexaggerateÓ distance split (ungarble,

unveil?) so that cost of deception is higher for given di!erence in payo!. 2. ÒunderstateÓ

(veil?) make split closer so that di!erence in payo! becomes too small to make deception

worthwhile. These two intuition play out in following two results.

Proposition 5 If the set of actionsA is Þnite, then lower deception costs are weakly

better for the receiver.

intuition: consequence of implied ÒexaggerationÓ; implies productive mistrust, Lip-

nowski Ravid Shishkin We mention that this is not true in general.

Proposition 6 In the two states case, iföus is strictly convex then lower deception costs

are weakly harmful for both sender and receiver.

This happens, for example, ifuR = ( " ! a)2 and uS = ( a ! a)2, so that senderÕs Ódistress

pointÓ is ata. Interpret as Óproductive mistrustÓ. Show example with convexus where

a lower ! implies Òcloser splitting.Ó

4 Application to Strategic Information Transmission

Strategic Information Transmission with Endogenous Deception Cost.

In this subsction we apply our result to the seminal model of Crawford and Sobel

(1982).

Our idea is to consider the model of crawford and sobel with a Þnite grid of states.

We calculate everything under the assumption that state is continous and then assume

that the grid is Þne enough that for each point of indi!erence of the sender between two

messages, if state is to the right of this indi!erence point then sender prefers to send right

message if if state is to the left then sender prefers to send left message.

Verify CS argument that Þnite message set is su"cient also applies in our case.

Suppose that the set of states is given by # =
!

0, 1
n , 2

n , . . . , n! 1
n , 1

"
for some large

n, with a uniform prior distribution. The set of actions is given byA = R. The sender

and receiverÕs payo! functions are given byuS(a, " i ) = ! (a ! (" i + b))2 and uR(a, " i ) =

! (a ! " i )
2 for someb" 0.
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For any two distributions f and g on #, the distance functiond(f, g ) is given by the

absolute value of the di!erence between the means off and g.

We show that the senderÕs message functionµ induces a partition of the set #. The

argument follows the one given by Crawford and Sobel (1982).

Proposition 1. For every n " 1 there exists an# > 0 such that if a and a" are actions

induced in equilibrium, then|a ! a"| " #.

Proof. Any function uS(a#(p)) can be concaviÞed using only two points. Explain what

this means. These two points provide the two posterior beliefs that the seller needs to

induce. And these two posterior beliefs require two messages. !

New..

No loss of generality is implied by restricting atten-

tion to intervals in Crawford and SobelÕs model with

a uniform distribution

We consider a discrete version of Crawford and SobelÕs model with quadratic loss func-

tions. Suppose that the set of states is given by #N =
!

0, 1
N , 2

N , . . . , N ! 1
N , 1

"
for

some largeN , with a uniform prior distribution. The sender chooses a set of mes-

sagesM = { m1, . . . , mM } . The set of receiverÕs actions is given byA = R. The

sender and receiverÕs payo! functions are given byuS(a, " ) = ! (a ! (" + b))2 and

uR(a, " ) = ! (a ! " )2 for someb" 0.

The sender observes the state" # # and sends a messagem # M . The senderÕs

strategy is given by a function$ : # $ M . Thus, the message that is sent in state" is

$(" ). For simplicity, we restrict out attention to pure strategies$ and assume that$ has

full support on the set of messagesM . In the discussion, we explain why this involves no

loss of generality.16 Without loss of generality, we identify the messagem with the set of

states where messagem is sent,m % {" : $(" ) = m} . We denote the number of elements

in the set m by |m|. The probability of sending messagem is denoted Pr(m) = |m|
N . The

mean of messagem is denotedµm % E [ " | " # m]. We denote bym and m the smallest

and largest states inm, respectively.

16The algorithm we use can be adapted to Òprobability weighted switchesÓ.
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The receiver observes the message sent by the sender and chooses an actiona # A .

Given a senderÕs message strategy$, denote the recieverÕs beliefs over the state of the

world by B # $(#). The belief B can be obtained from the message function$ through

Bayesian updating and is given by:

B (m) [" ] =

#
1

Pr( m) if " # m

0 if " /# m
.

It is possible to show that if the sender employs the message functionµ, then the

action that maximizes the receiverÕs payo! following messagem is given by the mean of

messagem, or:

a# (m) = µm.

A message function$ generates an expected payo! of17

$

m$ M

Pr (m) V ar [" |" # m] .

The objective of the sender is to minimize this objective function. For some of our

arguments, it is useful to consider the equivalent problem of the maximization of the

weighted sum of square mean beliefs:

$

m$ M

Pr (m) (µm)2 .

The seller chooses a credible message function$ that minimizes/maximizes this objective.

For any two beliefsB and B " on #, suppose that the distance functiond(B, B ") is

given by the absolute value of the di!erence between the means ofB and B ".18

We show that the senderÕs optimal message function$ that minimizes wieghted vari-

ance induces a partition of the set #N for large enoughN .

17
$

m ! M

Pr (m) E
%
(a" (m) ! ! ! b)2 |! # m

&

=
$

m ! M

Pr (m) E
%
(a" (mi ) ! ! )2 ! 2 (a" (mi ) ! ! ) b+ b2|! # m

&

Since 2b
'

Pr (m) E [(a" (m) ! ! ) |! # m] = 0, this is equivalent to minimization of

=
$

m ! M

Pr (m) E
%
(a" (mi ) ! ! )2 |! # m

&
.

18With other distance functions, can get non-interval information structures. AlexÕs example.
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We order the messages according to the conditional means they induce, and denote the

kth message bymk and its mean byµk. If two messages induce an identical expectation

then they can be merged into one message without a!ecting the constraints or the value

of the objective function. Thus, no loss of generality is implied by assuming thatµ1 <

á á á< µ M .

[when possible Drop index k from message below]

Fix a messagemk and a state" k # mk. In equilibrium, type " k of the sender prefers

sending messagemk to sending any other messagemk+ j with j " 1 only if

! (" k ! µk + b)2 " ! (" k ! µk+ j + b)2 ! c(µk+ j ! µk) . (2)

The left-hand side of (2) is type" kÕs payo! from reportingmk, taking into account that

the receiverÕs best response is to take the actionµk. The right-hand side is type" kÕs

payo! from reporting mk+ j , inducing the receiverÕs actionµk+ j (which is greater thanµk)

but su!ering deception cost ofc á(µk+ j ! µk). Rewriting (2) yields:19

µk + µj + k

2
! " k " b!

c
2

Thus, a necessary and su"cient condition that ensures that any type" k # mk prefers

reporting mk to any other messagemk+ j with j " 1 is:

µk + µk+1

2
! mk " b!

c
2

(3)

An analogous argument shows that a necessary and su"cient condition that ensures that

all types " k # mk prefers reportingmk to any other messagemk! j with j " 1 is:

µk! 1 + µk

2
! mk & b+

c
2

. (4)

DeÞnition. A messagemk is said to be convex if for every three states" < " "" < " ", if

", " " # mk, then also" "" # mk.

In the analysis below we say that an expressionA(N ) is approximately equal to ex-

pressionB if lim
N %&

A(N ) = B (for any % >0 there exists anN " such that |A(N ) ! B | < %

for any N > N "). In this case, even ifA(N ) < B for every N , we also say that the

19To see this, note that (! k ! µk+ j + b)2! (! k ! µk + b)2 = ( µj + k ! µk ) (µk + µj + k ! 2! k ! 2b). Thus,
rearranging terms in (2) and dividing by (µk+ j ! µk ) > 0 yields µ k + µ j + k

2 ! " k " b! c
2 .
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inequality A(N ) " B is approximately satisÞed.

Lemma 1. Consider a message function$. Suppose that messagesmk and mk+1 are

both convex. The incentive constraintIC (k) is approximately satisÞed if and only if

|mk|
N

+ 4
(

b!
c
2

)
&

|mk+1 |
N

.

Proof. The incentive constraint ICup(k) requires:

µk + µk+1

2
! mk " b!

c
2

.

The fact that messages are convex implies:

mk + ømk

2
+

mk+1 + ømk+1

2
! 2 ømk " 2b! c

or
ømk+1 ! mk+1

2
!

ømk ! mk

2
+

*
mk+1 ! ømk

+
" 2b! c.

Sincemk+1 ! ømk = 1
N , this inequality is approximately satisÞed if and only if

|mk+1 |
N

!
|mk|
N

" 4b! 2c.

!

DeÞnition. A senderÕs message strategy$ is said to be Òtightly packed withk mes-

sagesÓ on a set
!

0, 1
N , . . . , l

"
if each messagemj , j & k, is convex, the union' k

j =1 mj =
!

0, 1
N , . . . , l

"
, and the incentive constraintsICup(1), . . . , ICup(k ! 1) are all binding,

except possibly for the Þrst one, which is satisÞed but not necessarily binding.

Lemma 2. Given a lengthl # # N , the maximal number of messages that can be tightly

packed into the set
!

0, 1
N , . . . , l

"
is given by

I (l) %

, -
1
4

+
l

2b! c
!

1
2

.

.
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Proof. By Lemma 1, if |m1|
N = x > 0, then |m2|

N = x + 4b! 2c, |m3|
N = x + 8b! 4c, and so

on. The sum of an arithmetic series withk elements is 2k(k ! 1)
*
b! c

2

+
+ kx. Sincex

can be set arbitrarily small,I (l ) is equal to the maximalk that is such that

2k(k ! 1)
(

b!
c
2

)
< l.

Solving this equation yields

I (l) %

, -
1
4

+
l

2b! c
!

1
2

.

.

!

Proposition. Suppose that the sender and reciever both have quadratic loss functions

as described above. Suppose that the state of the world is uniformly distributed on the

set # N . Then, message function that minimizes the senderÕs weighted variance induces a

partition of # N into I (1) tightly packed messages.

To prove the result we provide an iterative algorithm that can be applied to any

credible message function that does not partition the set #N into I (1) tightly packed

messages. The algorithm improves the value of the objective function in each step, and

converges to a credible message function that partitions the set #N into I (1) tightly

packed messages. We describe the algorithm in the text and defer the detailed proof to

the appendix.

For any j > 0, let l j = 1
N (|m1| + á á á+ |mj |). Given a message function$, let k

be the highest index for which the messagesm1, . . . , mk! 1 are tightly packed on the set

{ 0, . . . , lk! 1} . Figure 1A illustrates such a message function. If no such a collection of

messages exists, thenk = 1. On the other hand, if $ consists ofI (1) messages that

partition the set # N into tightly packed intervals then we are done. Otherwise, execute

the following algorithm:

The algorithm consists of two parts. In Part I messagemk is ÒconvexiÞed to the leftÓ

through a series of swaps of messages across states until messagemk is convex and placed
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