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1. INTRODUCTION

According to the Oxford Dictionary, an opportunity is a set of circumstances that makes
it possible to do something. Identifying an opportunity, however, is oftentimes difficult.
Indeed, opportunities do not make appointments — the exact moment in time in which they
appear is uncertain, identifying them is costly, and the window of time to act upon them is
narrow. When multiple players are interested in the same opportunity, a competition to find
it emerges.

There are many economic situations in which players compete to identify an opportunity
and seize it quickly. For example, consider two firms vying to capture a certain market.
The firms can capture the market only if it is ripe, and checking for this condition incurs
an unrecoverable cost (say, advertising costs), which is paid by the firm who moves first. If
the inspection reveals that the market is not ripe, then firms may inspect again, and again,
at later dates.

The dynamics of such competition are influenced by the characteristics of the market in
question. In some markets, being the first mover enhances the chances of successfully cap-
turing the ripe market. This advantage is evident in industries like technology and fashion,
where the ability to introduce innovative products or set new trends can lead to significant
market share. On the other hand, there are markets where the second mover has the upper
hand. In these cases, the second firm can learn from the experiences and strategies of the
first mover, enabling them to improve upon the initial attempt. A notable example is the
retail sector, where Walmart, as a follower, managed to offer comparable products at lower
prices, ultimately becoming a dominant force in the industry.

The advantage of the first- or second-mover, as well as the cost associated with inspecting
the market’s ripeness, play crucial roles in shaping the nature of the competition between
the two firms. Understanding these dynamics is essential for devising optimal strategies in
scenarios where firms compete to seize opportunities swiftly while considering the market
conditions and associated costs.

Other natural contexts in which a competition for opportunities emerges include innova-
tion, patenting, launching of new products, asset sales, headhunting and dating. What these
examples all have in common is that the optimal timing of action depends on identify-

ing an unobservable event while considering the strategy of the other player. Additionally,
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OPPORTUNITY HUNTERS 3

players may act more than once in their attempt to identify this event. These two features
distinguish the hunting for opportunities and add an important new dimension to what has
been learned from the literature on strategic timing games such as “preemption games” and
“war of attrition games.” What characterizes the competition for opportunities? what do its
equilibria look like? What are the lessons for the design of the search for opportunities?

To address these questions we introduce the following opportunity-hunting game. An
event (an opportunity) occurs at some unobserved and random point in time. There are two
players who wish to discover the event (seize the opportunity) once it occurs. At each point
in time each player can inspect whether the event has already occurred at a cost of ¢ > 0 per
inspection. The inspections are publicly observable. If a player discovers that the event has
already occurred, she obtains the payoff vy, the other player obtains the payoff v, and the
game ends; otherwise, the players can inspect again, and again, later in time. The player
who inspects at ¢ is referred to as the “leader” at ¢; the other player is referred to as the
“follower” at ¢. If the prize is never found, then the payoff to both players is zero (minus
inspection costs, if any). If the two players inspect simultaneously, then they are randomly
assigned to be leader and follower. By varying the parameters of the model, it is possible
to span the range from games in which the competition between the players to identify the
opportunity is the dominant force, to games in which free-riding on the other player’s effort
is the dominant force.

We characterize the symmetric Markov Perfect Equilibrium (MPE) of the game and
show that it is unique. We show that depending on one parameter (the follower prize vs),
equilibrium takes one of two forms. When the follower prize v is smaller than some thresh-
old value, the equilibrium involves frequent synchronized inspections by the players. Intu-
itively, when the benefit to the follower is small, both players compete over being the first
to discover the prize. This competition pushes them to inspect as early as possible, but not
so early that the probability that the prize has already appeared is too small. Consequently,
the two players synchronize their inspections at the earliest mutually beneficial time. We
show that the players’ discount rate does not affect the rate of inspection in this type of
equilibrium.

By contrast, when the benefit to the follower is large, the incentive of players to “free-
ride” on each other’s inspections is more intense. In this case, the players cannot synchro-

nize their inspections in equilibrium, because each player always prefers to slightly delay
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4

her inspection so she benefits from the other player’s inspection without incurring the as-
sociated cost. It follows that in this case the unique equilibrium exhibits slow diffusion in
which the players inspect randomly at different times. Notably, in this equilibrium, chang-
ing the value of v2 has no effect on the players’ equilibrium payoffs. In particular, the rent
that is generated by a higher value of vy is completely dissipated. This implies that from a
designer’s perspective, it is better to concentrate efforts on decreasing the cost of inspection
c rather than increasing the reward vs.

The direct effect of v2 on the equilibrium renders our model valuable for applied work in
two complementary ways. Firstly, the theory provides clear and testable implications. If vy
can be inferred within certain markets, one can examine whether the theoretical predictions
align with the observed market data. Secondly, the model offers flexibility by accommo-
dating two modes of competition that correspond to the two types of equilibria mentioned
earlier. Applied economists can utilize our framework to construct a generalized model tai-
lored to a specific market or industry, without preconceived commitments to a particular
mode of competition in that market. In such cases, relevant parameters can be estimated
from the available data, allowing for the inference of the dominant form of competition
based on market observations.

From a methodological perspective, in addition to the introduction of opportunity hunt-
ing games and the characterization of their MPEs, our work also offers two more spe-
cialized contributions. First, the characterization of equilibrium hinges on a condition that
requires players to be indifferent among all the inspection times in the support of the equi-
librium distribution, which is expressed as a functional equation. While this in itself is
not new, in our model the functional equation that characterizes the equilibrium also de-
pends on the equilibrium payoff itself. Our solution method demonstrates how to find the
equilibrium despite the difficulty implied by this endogeneity. Second, we prove that the
equilibrium is unique. While for the case where vy is small the proof is direct, the case in
which vy is large is more challenging. In this case, our proof utilizes a result from the The-
ory of Distributions (Hérmann and Steinbauer (2009)), which implies that if our functional

equation has a continuous solution, then this solution is unique.
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OPPORTUNITY HUNTERS 5

Related Literature

The game we consider falls into the general category of stochastic games with a par-
tially observable state. See, e.g., Davis and Varaiya (1973) and Hansen et al. (2004). Such
games are usually intractable, and studied only in the case of two-players, often with zero-
sum payoffs. Papers in this literature are mostly concerned with proving the existence of a
value or equilibrium for the game and not in the qualitative properties of equilibrium or in
comparative statics, which is our focus here.

Numerous studies have examined war of attrition games and preemption games as sim-
ple timing (or stopping) games, where players must choose the optimal moment to act.!»?
The “classical” war of attrition game studied by Hendricks et al. (1988) involves two play-
ers engaged in a cost-intensive struggle, with the last player standing declared the winner.
The symmetric Nash equilibrium in this game entails a mixture of quitting times. Fuden-
berg and Tirole (1985) analyze a preemption game where firms compete to adopt a new
technology. The first adopter benefits, but early adoption comes at a higher cost. Fudenberg
and Tirole (1985) characterize the equilibria of the game, demonstrating that firms either
adopt at different deterministic times or simultaneously at one of many possible times in
some interval, depending on the parameters. More recent papers in this literature include
Argenziano and Schmidt-Dengler (2014), Anderson et al. (2017), and Smirnov and Wait
(2022).

Subsequent works in this literature have focused on the incorporation of private informa-
tion into one-shot timing games, in diverse contexts. Notable examples include Hopenhayn
and Squintani (2011), Murto and Valimaki (2011), Awaya and Krishna (2021), Bobtcheff
et al. (2021), Shahanaghi (2022), and Cetemen and Margaria (2023). In contrast to this line
of research, our extension of the basic model introduces the possibility of repeated actions.

Our work is also related to the substantial body of literature on experimentation. Papers

in this literature study games in which players who face uncertainty about the value of

'When the number of opportunities for players to act is bounded, a timing game can be viewed as a sequence
of standard timing games, where players can act only once. See, e.g., Laraki and Solan (2005). In our case, the
number of possible actions for each player is potentially infinite.

2In a different vein, Liu and Wong (forthcoming) investigate a model of competition where two players decide

where to search for a prize, rather than when.
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6

different choices engage in strategic learning over time to reduce this uncertainty. In some
of these papers the focus is on the rate of experimentation. See, e.g., Bonatti and Horner
(2011) and Décamps and Mariotti (2004). In other papers, experimentation is modeled as
a multiple-armed bandit problem. See, e.g., Keller et al. (2005), Rosenberg et al. (2007),
Rosenberg et al. (2013), and Horner et al. (2022). Unlike in our paper, where the focus is
on when to next check whether the event has already occurred, in this literature, the focus
is either on how much to experiment or on which experiment (arm) players should conduct
next. Accordingly, papers in this literature have studied the interplay between private and
public learning, and the implications of the possibility of free-riding on learning by others.

Our model is also related to the literature on contests and the design of prize schemes.
See, Glazer and Hassin (1988), Moldovanu and Sela (2001), Che and Gale (2003), and
Moldovanu et al. (2007). However, this literature has a different focus and the games stud-
ied in this literature typically have a one-dimensional strategy space.

Finally, Ball and Knopfle (2023) study optimal inspection policy in a dynamic Principal-
Agent model with partial observability, and derive conditions for the optimality of deter-

ministic vs. random inspections.

Organization. The rest of the paper is organized as follows. In Section 2 we present the
model. In Section 3 we analyze the one-player problem, which serves as a benchmark
for the rest of the analysis. The two-player game is presented and analyzed in Section 4,
and its symmetric Markov Perfect Equilibria are presented in Section 5. In Section 6 we
discuss alternative modelling assumptions and equilibrium concepts. Section 7 concludes.

All proofs are relegated to the Appendix.

2. MODEL

We consider a continuous-time two-player game, which we call an opportunity-hunting
game. A prize appears at a random time according to an exponential distribution with pa-
rameter A\ > 0. That is, for every time ¢ > 0, the probability that the prize has appeared by
time ¢ is 1 — e . After the prize appears, it remains hidden from the players until they

actively search for it. The first player to discover the prize obtains a payoff v; > 0; the other
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OPPORTUNITY HUNTERS 7

player obtains a payoff vo > 0.3:* Both players discount future payoffs at the rate r (i.e., a
unit prize at ¢t generates a current payoff e ~""). If the prize is never found, then the payoff
to both players is zero (minus inspection costs, if any).

At each point in time each player can check whether the prize has already appeared. A
player who inspects at time ¢ is referred to as the leader at t. The other player is referred
to as the follower at t. The players’ inspection times are commonly observed.’ The cost of
checking is ¢ > 0 per inspection. We assume that the cost of inspection is smaller than the
leader’s prize, i.e., ¢ < v1.% If, upon inspection, a player discovers the prize, then the game
ends, and the two players’ payoffs are as described above. Otherwise, the game continues
and players can inspect again and again. If the two players inspect at the exact same time,
then they are randomly assigned to be leader (who incurs the cost of inspection and obtains
vy if she discovers the prize) or follower (who does not incur the cost of inspection, and
obtains the payoff vs if the prize is discovered).’

In the subsequent analysis, our primary focus will be on symmetric Markov perfect equi-
libria of the game, which we formally define in Section 2.2. In these equilibria, both players
employ Markov strategies, which possess a simple structure, as explained below. However,
it is important to note that in our model, Markov perfect equilibria are robust against devia-
tions to any strategy, not just Markov strategies. To establish this result, we have to present

a comprehensive definition of a strategy in the game.

3The assumption that v2 is non-negative ensures that equilibrium payoffs are non-negative, which is important
for some of the results presented below. There are, of course, interesting applications where vg < 0. The analysis
of such cases is different and falls outside the scope of this paper.

“We thus implicitly assume that the player who discovers the prize immediately “claims” it. As explained in
Section 6.2.3 below, this assumption is not crucial for our results.

30On the one hand, this assumption simplifies the analysis because it implies that the players are symmetrically
informed. On the other hand, it complicates the analysis because it expands the strategy space. This assump-
tion implies that we consider “closed-loop” equilibria (see, e.g., Fudenberg and Tirole (1991), p. 130). In such
equilibria, each player can observe, and therefore also respond to, deviations from equilibrium of other players.
By contrast, an “open-loop” equilibrium is an equilibrium where deviations by other players are unobserved. In
Section 6.2.1 we discuss the implications of assuming that inspection times are unobserved.

®The case in which ¢ > vy is trivial because the players would never inspect.

"In Section 6.2.2 we discuss the implications of alternative assumptions that when both players inspect simul-

taneously, they both incur the cost of inspection.
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Because time is continuous, a strategy cannot simply be a function from time and history
into actions. The problem lies in the difficulty of mapping such strategies into distributions
of game plays.® Therefore, we adopt the following approach: a strategy instructs a player
when to inspect next, as a function of the times in which past inspections took place and
the identity of the player who inspected at each time. In principle, the decision of when to
inspect next also depends on the outcomes of past inspections. However, since the game
ends once the prize is discovered, we can assume that all prior inspections have failed to
find the prize. Additionally, a player may choose not to inspect at all, which we denote as
an inspection at time ¢ = oo. In order to correctly define a strategy in this way, we need to
address a few technical subtleties, which we take care of in the next section. Readers who
wish to skip the technical details can proceed directly to Section 2.2 without any disruption

to overall coherence.

2.1. On the Definition of Strategies

In this section, we formally define the notions of history, strategy, and play. The challenge
is to define these notions in a way that is, on the one hand, both general and natural, and on
the other hand, ensures that a pair of strategies induces a unique distribution over the set of
plays. This ensures that the expected payoffs associated with any pair of strategies are well
defined.

In principle, a player may inspect as often as she likes. For example, a player may in-
spect at times %, %, %, %, cel 1%, 1%, 1%, 1%, .... Such an inspection policy is likely to be
suboptimal, but a definition of a strategy must accommodate it.

We begin by defining the notion of history.

DEFINITION—History: A history is a 3-tuple (a*,{tq}a<a*,t) Where: (i) o is a

countable ordinal; (ii) {f4}a<a* is an increasing sequence of non-negative real numbers,

8 A standard example that illustrates this difficulty is a strategy in which in each point in time, a player inspects
with probability one-half, independently of past play. It is impossible to embed such a sequence in a well defined
probability space (see also Judd (1985)). Another example is the following strategy (see, Kamada and Rao (2023)):
Inspect at time ¢ if no player inspected until ¢ and t = 1/n for some natural number n; otherwise, do not inspect.

It can be shown that there is no play of the game that is consistent with both players employing this strategy.
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OPPORTUNITY HUNTERS 9

such that ¢, = limg, tg for every limit ordinal v < o*; and (iii) ¢ is a function that assigns

a nonempty set of players to every successor ordinal o < o*.

The interpretation of a history is as follows. The players’ inspection times before ¢+ are

given by

{ta: a < o, «ais a successor ordinal}.

For each time ¢, in this set, the players in +(«) are the players who inspect at that time.”*°

Example. To illustrate the definition above, consider a history in which a player inspects
123

213740
2w.!! Then, we have thattg = 0,t1 = 3, to = 2, t3 =3, ... , ty = 1, tyy1 = 13, tyo = 12,

at times .., and then at times 1%, 1%, 1?—“ .... To describe this history, we set a* =
tw+s = 1%, ..., and tg,, = 2. In this description, 0,w and 2w are limit ordinals. All other
ordinals, namely 1,2,3,...,w+1,w+2,w+ 3,..., are successor ordinals, each associated
with a specific inspection time. In this example, since only one player inspects during this

history, ¢ assigns the set containing this player to every successor ordinal. |

Next, we define the notion of strategy. A strategy is a measurable function from histo-
ries to distributions over future inspection times. For measurability to be well defined, we
endow both of these spaces with appropriate sigma-algebras. The sigma-algebra over the
space of distributions on [0, o] is the weak-# topology. The sigma-algebra over the space
of histories is the one inherited from U,R®, where the union is over all countable ordinals.

Formally,

9By definition, no player inspects at times ¢, for limit ordinals «. It is possible to also consider a more general
set of strategies where players may also inspect at times that are associated with limit ordinals. Doing so would
not affect our results.

19The requirement that a* is countable is without loss of generality, because between each ¢, and to+1 there
is at least one rational number, and the set of rational numbers is countable.

" Ordinal numbers are defined as linearly ordered labels that include the natural numbers and have the property
that every set of ordinals has a least element. This facilitates the definition of an ordinal number w that is greater
than every natural number, along with ordinal numbers w + 1, w 4+ 2, .. ., which are greater than w. Similarly, the

ordinal number 2w is greater than w plus every natural number, and so forth.
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10

DEFINITION—Strategy: A strategy o; of player 7 is a measurable function that assigns
to every history h = (a*, {ta }a<a*,t) @ probability distribution over (t,+,oc]. An atom of

oi(h) at 0o is interpreted as if the player assigns positive probability to never inspecting.

A play is an object that indicates how the game was played from beginning to end. In
our model, the definition of play coincides with that of history, with one difference: when
(o {tata<a*,t) is a history, {tq}a<q* is a collection of non-negative real numbers. In
a play, we allow t,+ to be equal to oco. This is because along the play the players may
continue inspecting ad infinitum and never discover the prize. We endow the space of plays
with the sigma-algebra inherited from U, (RU{oc0})®, where the union is over all countable
ordinals.

The next result ensures that every pair of strategies induces a well defined distribution
over plays. This implies that the players’ expected payoffs from any pair of strategies are
well defined.

LEMMA 1: Every pair of strategies (01,02) induces a unique probability distribution

over plays.

2.2. Markov Perfect Equilibrium

Suppose that the last inspection has occurred at time ¢. For every time ¢’ > ¢, the prob-
ability that the players assign to the event that the prize has already appeared by time t' is

determined by Bayes’ rule and is given by 1 — e~ A(t'~%)

. Because of our assumption that
inspection times are observable, the players are symmetrically informed. Thus, they hold
the same beliefs after every possible history of the game.

Since the prize appears according to an exponential distribution, which is memoryless,
and since payoffs are exponentially discounted, if an inspection at time ¢ fails to discover
the prize, then the subgame that starts at time ¢+ (i.e., immediately after ¢) is equivalent
to the whole game.!? In such environments, it is natural for players to employ Markov

strategies. Generally, Markov strategies are strategies that are measurable with respect to

12 This is not exactly accurate: in the whole game a player can inspect at ¢ = 0, while in the subgame that starts
at time ¢+ a player cannot inspect at time ¢. Yet since in the whole game inspecting at time 0 will never be done

in equilibrium, we ignore this difference.
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OPPORTUNITY HUNTERS 11

payoff-relevant histories (see, e.g., Fudenberg and Tirole (1991)). In our model, this implies

that Markov strategies may only depend on the time of the last (failed) inspection.

DEFINITION—Markov Strategy: A Markov strategy is a cumulative probability dis-
tribution function (CDF) F over (0, oo}, with F'(0) = 0.

The interpretation of a Markov strategy is that a player selects the first inspection time
according to a distribution F’; and for each time ¢ > 0 at which an inspection fails to dis-
cover the prize, the process of inspection “restarts” at ¢, and the player selects again a
new inspection time according to the distribution £ shifted to (¢, oc|. The requirement that
F(0) = 0 reflects the fact that a player cannot inspect at the exact same time as the previ-
ous inspection. The difference 1 — lim;_,», F'(¢) is interpreted as the probability of never
inspecting.

In terms of the general definition of strategy given in Section 2.1, a Markov strategy is a
strategy o that assigns for every history of past inspections / (formally defined in Section
2.1) the same cumulative probability distribution over the time of the next inspection by

the player. Formally,

F(t), Vt>0,

o)t +0=9 07" v <o

where .+ is the last inspection time in the history A.!3

We say that a pair of Markov strategies constitutes a Markov Perfect Equilibrium (MPE)
if they are best responses to each other at the beginning of the game, and after every history.
Note that if a pair of Markov strategies is an MPE, then they are best responses to each other
after any ¢, because if a player has a profitable deviation at some time ¢, then the player
also has a profitable deviation immediately after any past inspection. We restrict attention
to symmetric Markov Perfect Equilibria of the game (for discussion of alternative notions

of equilibrium see Section 6.1).

B3More precisely, as explained in Section 2.1, the time ¢+ may be an accumulation point of previous inspection

times in the history h = (™, {ta }a<a=,1)-
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12

Two remarks are in order. First, a necessary condition for a Markov strategy F' to be part
of an MPE is that the player is indifferent between all the inspection times in the support
of F'. We refer to this property as the Indifference Principle.

Second, to verify that a given pair of Markov strategies is an MPE, it is sufficient to verify
that a player cannot benefit by deviating to another Markov strategy. While this property is
well known in discrete time models, in our model because time is continuous, the argument

is more subtle. The next result provides the first step in this argument.

LEMMA 2: Every Markov strategy has an c-best response, which is itself a Markov
strategy.

Let (01,02) be a pair of Markov strategies. Lemma 2 implies that if Player 1 has a prof-
itable deviation to some strategy, then she has a profitable deviation to a Markov strategy.
Thus, to verify that a pair of strategies is an MPE, it is sufficient to verify that no player
has a profitable deviation to a Markov strategy. We record this observation in the following

corollary.

COROLLARY 1: A pair of Markov strategies (c1,02) is an MPE if and only if no player

has another Markov strategy which is a profitable deviation.

We emphasize that an MPE is immune against all deviations, including deviations to
non-Markov strategies. We will be interested in the symmetric MPE of the game. Note,
however, that the game may also have MPEs that are not symmetric and equilibria that are

not MPE. We discuss these other equilibria in Section 6.1 below.

3. BENCHMARK: THE ONE-PLAYER PROBLEM

In this section, we examine a simpler problem involving a single player searching for a
prize. This serves as a benchmark for analyzing the two-player game and provides us with
useful results. We maintain all the model’s assumptions, except for the presence of only
one player, who receives a payoff of v; upon discovering the prize.

For every t > 0, let w(t) be the (single-) player’s expected payoff under a pure Markov

strategy in which the player inspects at time ¢ (and because the strategy is Markov, inspects
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OPPORTUNITY HUNTERS 13

again ¢ units of time after every failed inspection):
w(t) = e (—c (1= e Mo + e*”w(t)) ) 1)

The three terms in parentheses on the right-hand side of Eq. (1) capture the expected payoff
from inspection at time ¢: c is the cost of inspection; (1 — e~*)uvy is the expected payoff
upon discovering the prize; and e‘Atw(t) is the expected payoff upon failing to discover
the prize and “restarting” the process of inspection.

Simplifying Eq. (1) yields:

(1—e M —c

w(t) = rt_ A )

e

The next lemma establishes two basic properties of the player’s payoff function w(-).

LEMMA 3: The function w(-) is strictly quasi-concave and has a unique maximizer on

the interval (0, 00).

We denote the unique maximizer of w(-) by 7* € (0,00). Intuitively, when deciding
when to inspect, the player balances two opposite effects of slightly postponing (or ad-
vancing) the time of inspection. On the one hand, postponement increases the probability
that the prize has already appeared. On the other hand, discounting lowers the benefit from
finding the prize. Overall, the sum of the two effects is the total gain from postponement.
This gain from postponement is given by the derivative of the function w(t) according to t.
At the optimal inspection time 7* this derivative is equal to zero.

Inspection every 7* units of time is optimal among all Markov strategies. Our next result
records this observation and shows that this Markov strategy is in fact optimal among all

strategies.

PROPOSITION 1: The player has an optimal inspection strategy, which is Markov. This
strategy instructs the player to inspect at time 7, and T* units of time after every failed
inspection, until the prize is discovered. The player’s expected payoff from this strategy is

given by w(7*).

Proposition 1 asserts the existence of an optimal strategy, the fact that it is Markov,

and relates it to the maximizer of the function w(-). Intuitively, existence can be deduced
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from Lemma 2 (invoked for the case where the other player’s Markov strategy is to never
inspect), which implies that if an optimal strategy exists, its payoff can be approximated
by a Markov strategy. Because the strategy outlined in the proposition is optimal among
all Markov strategies, it follows that it is optimal among all strategies as well. However, in
the proof, we adopt a more direct approach, leveraging recent findings in the literature by
Jasso-Fuentes et al. (2020) and Stachurski and Zhang (2021).

Intuitively, when the value of the prize v; increases, the optimal inspection rate increases
as well. This is because the effective cost of postponement is greater. Similarly, when the
inspection cost ¢ increases, the optimal inspection rate decreases. We record these two

observations in the next lemma.
LEMMA 4: The optimal inspection rate T is decreasing in vi and increasing in c.

4. THE TWO-PLAYER GAME

We now shift the focus back to the two-player game. The addition of another player
introduces a strategic element into the players’ considerations. On the one hand, the pres-
ence of the other player creates competition for the prize. Consequently, each player is
inclined to inspect more frequently to increase her chances of being the first to discover
the prize. On the other hand, the existence of another player also introduces the possibil-
ity of “free-riding.” This means that a player can delay her inspection in the hope that the
other player will conduct the inspection instead. By doing so, she can save on inspection
costs and potentially secure a payoff of vg if the other player happens to discover the prize.
The parameters of the model determine the relative strength of the competition versus the

free-riding effects, as well as the qualitative characteristics of the equilibrium.

4.1. The Follower Gain and the Delay Gain

Fix a symmetric MPE (not necessarily continuous), and denote the players’ symmetric
payoff in this MPE by vg. What does Player 1 gain by slightly postponing her inspection at
some time t? The answer depends on whether or not Player 2 inspects in the meantime.

Suppose that Player 1 slightly postpones her inspection at some time ¢ (keeping the times
of future inspections unchanged), and Player 2 inspects in the meantime. We call Player 1’s

gain from this postponement the follower gain at t, and define it formally as follows.
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OPPORTUNITY HUNTERS 15

DEFINITION—Follower Gain: The follower gain at ¢ is the quantity
(1—e M (vg—v1) +c (3)

The discounted follower gain at t is the follower gain multiplied by the discount factor

e,

Intuitively, the follower gain at ¢ is a player’s gain from a postponement of inspection at
time ¢, which turns her into the follower rather than the leader. Accordingly, the first term
in the sum in Eq. (3) is the difference between the second and first prizes, multiplied by
the probability that the prize has appeared by time ¢. The second term is the cost, which
is saved for sure if the player is not the leader. Notably, if v2 > v; — ¢, then the follower
gain is positive for all £ > 0. Indeed, in this case, it is always better to be the follower
rather than the leader: if the prize has already appeared at ¢, then the benefit from switching
from leader to follower is v2 — (v; — ¢) > 0, and if the prize has not appeared yet, then the
benefit from switching from leader to follower is ¢ > 0. On the other hand, if vo < v; — ¢
then the follower gain changes sign: for a sufficiently small time it is positive, whereas it
is negative for all large enough times ¢.

Alternatively, suppose that Player 1 slightly postpones her inspection at time ¢ (while
keeping the times of future inspections unchanged), but Player 2 does not inspect in the

meantime. Player 1’s payoff from being the leader at ¢ is given by
L(t) = et <—c +(1— 67/\t)’01 + e’/\tv()) ) %)

The expression in the right-hand side of Eq. (4) is similar to the right-hand side of Eq. (1),
except that w(t) is replaced by the equilibrium payoff vg. It is noteworthy that vg, and so
also L(t), are determined endogenously in equilibrium. This key feature distinguishes our
model of repeated inspections from previous simple stopping games that were analyzed in
the literature, where the payoff from taking an action is exogenously fixed.

Thus, the discounted gain from postponing the inspection from ¢ to ¢ + £, conditional on
the other player not inspecting during [, + ¢] and keeping the times of future inspections
unchanged, is given by the difference L(t + ) — L(t) ~ L'(t). We define the discounted
delay gain at t to be the derivative of L(t) according to t. The delay gain at t is the dis-

counted delay gain divided by e~"t. Consequently, we have that,
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DEFINITION—Delay Gain: The delay gain at ¢ is the quantity

L) )e ™ =rc—rvg + (A +r)e Mop — (A4 1)e Mg, 3)
The discounted delay gain is the delay gain multiplied by e~"?.

Note that if vy < v1, then the follower gain is decreasing in ¢, and if vy < vy, then the
delay gain is decreasing in t. It is also noteworthy that for sufficiently large ¢, the delay
gain is negative. Intuitively, when ¢ is large, the prize has almost surely appeared already
and additional delay is costly.

The next lemma, which will be useful in the analysis that follows, relates the delay gain

and the optimal inspection time in the one-player problem.

LEMMA 5: If vg = w(7*) then T* is the unique time at which the delay gain is equal to

zero.

4.2. Qualitative Properties of Equilibrium

In this section we derive qualitative properties of the MPE of the game. The next obser-

vation follows immediately from our definition of the follower gain and the delay gain.

OBSERVATION 1: Let F' be a symmetric MPE strategy. If t belongs to the support of F,
then the delay gain and the follower gain cannot both be positive at t and cannot both be

negative at t.

Intuitively, if both the delay gain and follower gain are positive at a particular time ¢ in
the support of a symmetric MPE strategy, then the continuity of these gains suggests the
existence of a small interval around ¢ where both gains remain positive. Consequently, it is
beneficial for a player to postpone all inspections conducted within this interval to its upper
end. This deviation benefits the player regardless of whether the other player conducts
inspections during the same interval.

Likewise, when both the delay gain and follower gain are negative at a specific time
t, similar reasoning suggests that it is more favorable for a player to slightly advance all

inspections around ¢. This contradicts the optimality of the strategies employed.
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OPPORTUNITY HUNTERS 17

In principle, the players may employ strategies that refrain from inspection with a pos-
itive probability. However, as shown by the next result, such strategies cannot be part of a

symmetric MPE.
PROPOSITION 2: Let F be a symmetric MPE strategy. Then, lim;_,o, F(t) = 1.

The intuition behind this result is as follows. Suppose there exists a symmetric MPE
strategy F such that lim;_, o, F'(¢) < 1, so that the event that the players never inspect has a
positive probability. According to the Indifference Principle introduced earlier, it is optimal
for Player 1 to never inspect. Since lim;_,o, F'(t) < 1, there exists a sufficiently large time
t where: (1) The probability of Player 2 not inspecting before time ¢ is positive, (ii) Given
that Player 2 has not inspected before time ¢, the conditional probability of her inspecting
at or after time ¢ is extremely small, and (ii1) The probability of the prize appearing before
time ¢t is arbitrarily close to 1. Thus, conditional on reaching time ¢, the payoff to Player 1
(evaluated at time t) from not inspecting at all is negligibly small. On the other hand, the
expected payoff from inspecting at time ¢ (evaluated at ) is close to v;1 — ¢ > 0. This is a
contradiction.

Proposition 2 implies that the support of a symmetric MPE strategy is a subset of the
open interval (0, 00). The next result describes the atoms of symmetric MPE strategies, if

any.

PROPOSITION 3: Let I' be a symmetric MPE strategy. If F' has an atom at t, then

t—toz—%ln (%) ©6)

Notice that ¢° is the time at which the follower gain, as given by Eq. (3), is equal to zero
(if such a time exists). To see the intuition for this result, suppose that /' has an atom of
size 1 at ¢ (in the proof, we extend this argument to an atom of any positive mass). In this
case, the probability that Player 1 is the leader at ¢ is one-half. By slightly postponing the
inspection, Player 1 becomes the follower with probability 1, and by slightly advancing
the inspection, Player 1 becomes the leader with probability 1. In an equilibrium, a player
cannot profit from postponing or advancing the inspection, which implies that the follower

gain, as given by Eq. (3), must be equal to zero, which pins down ¢. In other words, t° is
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the time in which a player is indifferent between being the leader and follower, if such a
time exists.

Inspection of Eq. (6) reveals that when v < v; — ¢ the value of ¢° is positive. Then, the
follower gain is equal to zero at t°. It is straightforward to verify that the follower gain is
positive at earlier times, and negative at later times.

When vy > v1 — ¢ being the follower is always better than being the leader. Indeed, in
this case the follower gain is always strictly positive and ¢° is either negative or undefined.

The next result follows immediately.
COROLLARY 2: Ifvg > v1 — ¢, then a symmetric MPE strategy has no atoms.

Fix a symmetric MPE strategy. Denote the equilibrium payoff under this MPE by vy,
and the lower and upper bounds of its support by ¢ and ¢, respectively. The next result

establishes a link between vy and ¢.

PROPOSITION 4: Let F' be a symmetric MPE strategy whose support has a minimum
of t. Then, the players’ equilibrium payoff is given by vy = w(t), where w(-) is the single
player payoff function given by Eq. (2).

The proof of this result is the following. Suppose first that there is no atom at ¢. The
Indifference Principle implies that a player has to be indifferent between all the inspection
times in the support of her strategy. In particular, a player has to be willing to inspect at
t, knowing that the other player has not inspected until that time. In fact, inspecting at
t,2t,... ensures that the other player will never get to inspect. This makes the player’s
payoff identical to her payoff from inspecting every ¢ units of time in the one-player game,
which is given by w(t). If there is an atom at ¢, then Proposition 3 implies that £ = ¢°. Hence,
the player is indifferent between being the leader or the follower at ¢, and the conclusion of
Proposition 4 follows.

The next result follows immediately.

COROLLARY 3: Let F' be a symmetric MPE strategy with an equilibrium payoff vy.

Then, vg cannot exceed the leader’s prize minus the cost, i.e., vy < v — C.

Indeed, by Proposition 4, the equilibrium payoftf is equal to the payoff of a single player
who inspects at ¢. This payoff is (weakly) smaller than the optimal payoff of a single player,
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OPPORTUNITY HUNTERS 19

which is smaller than v; — ¢ because of the potential costs associated with wasted inspec-
tions and the time required for the prize to appear.
The next result characterizes the upper bound, ¢, of the support of a symmetric MPE

strategy.

PROPOSITION 5: Let F' be a symmetric MPE strategy. Then, the supremum of the sup-
port of F is either t = 0o or t =t° > 0 (defined in Eq. (6)).

To see the intuition for this result, suppose that 7 is finite and smaller than ¢°, and that the
game has reached time ¢ — ¢ for some small ¢ > 0. If a player adheres to the original strat-
egy, symmetry of the MPE implies that she would end up becoming the leader and follower
with probability one-half each. However, by postponing all inspections until slightly after
t, the player would become the follower with probability one. Because ¢ < t° the follower
gain is positive and therefore this deviation is profitable. An analogous argument applies

for the case in which ¢ is finite and larger than ¢°.

4.3. The Indifference Condition

Let I' be a symmetric MPE strategy (not necessarily continuous). By the Indifference
Principle, a player must be indifferent among all inspection times in the support of the
strategy F'. Thus, the following indifference condition must hold for every ¢ in the support

of F:
t

v = (1— F(t))e (—c (1 e My + e—%o) + / e ((1 — e MYy + e—ASUO) d?i‘(s).

S (IND)

To understand the indifference condition (IND), note that the right-hand side of (IND) is

a player’s expected payoff from inspecting at ¢, provided that (i) the other player employs
F, and (ii) the players would keep employing F' in the future. Indeed, if Player 2 does not
inspect before or at ¢, which occurs with probability 1 — F'(¢), then Player 1’s expected
payoff is given by —c + (1 — e M)y 4+ e Mg (see the explanation that follows Eq. (1)).
And, if Player 2 inspects at time s < ¢, then Player 1’s payoff is given by (1 — e™**)vg +

e~ v. The first term describes Player 1’s expected payoff if Player 2 discovers the prize
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at s, and the second term describes her expected payoff if Player 2 does not discover the
prize, and the game “restarts” at s.

The indifference condition (IND) is a necessary condition that has to be satisfied for
all the times ¢ in the support of £'. Our objective is to solve for /' and to show that it is
indeed a symmetric MPE strategy. We face two challenges. First, the support of F' can be a
complicated set, and (IND) says nothing about times that lie outside this support. Second,
a natural approach for solving (IND) is to differentiate both sides of the equation according
to t. But, it is not a-priori clear that (IND) is differentiable, because it is not a-priori clear
that F' is differentiable. Finally, we have to show that a function F' that solves (IND) is

indeed a symmetric MPE strategy. The next proposition addresses the first challenge.
PROPOSITION 6: The support of a symmetric MPE strategy F' is convex.

The proof of this “no holes in the support” property hinges on Corollary 3, which ensures
that v; > vg. This implies that the delay gain, as given by Eq. (5), is decreasing in ¢ in

equilibrium, which is necessary in order to prove the proposition.'#

4.4. Properties of Continuous Equilibria

Eq. (IND) defines a necessary condition for a symmetric MPE. If the MPE strategy is
continuous, then it is possible to derive from Eq. (IND) tighter conditions that facilitate the
characterization of the MPE.

Suppose that F' is a continuous symmetric MPE strategy that is supported on an interval
[£,t] (and if ¢ = oo, then F is supported on [£,7)), and denote its density by f. Differen-
tiate both sides of the indifference condition (IND) according to ¢ to obtain the following

differential equation:

0= f(t) <c — (1= 4 (1— G_At)112> +(1—-F(t) <TC —rvp 4+ (A +r)e Mo — (A —12@)6_”1)0) :

(N
which holds for all t € (¢,1).

'4Thus, if ¢ and 5 are in the support of F', but the open interval (¢1,t2) is not in the support of F, then it is
beneficial for a player to either postpone inspection from ¢1 to 1 4 € or to advance inspection from t3 to t2 — €

for some small £ > 0, which is a contradiction.
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—At

For the analysis below, it is useful to use the following notation: x(¢) = e~ ", and

A=c—vi+ue, B =v1 — 9, D =r(c—uv1), E(vo) = (A7) (v1 —vp). (8)

The quantities A, B, and D depend only on the parameters of the problem. The term E(vg)
depends also on the endogenous equilibrium payoff. Corollary 3 implies that F/(vg) > 0.
Rearrangement of Eq. (7) yields,

f(t) - (A+Ba(t)) = (1 - F(t)) - (= D — E(vo)a(t)) ©9)

forall t € (¢,1). Eq. (9) is a differential equation whose solution is a candidate for a contin-
uous symmetric MPE, which is parametrized by vg.

It is noteworthy that (i) the term A+ Bz (¢) is the follower gain at ¢, given by Eq. (3), and
(ii) the term D + E (vg) « (¢) is the delay gain at ¢, given by Eq. (5). Thus, by Observation
1, the expressions A + Bz (t) and D + E (vp) x (t) must have different signs in every time
t in the support of a continuous MPE.

Eq. (9) is a first order linear differential equation. The next lemma characterizes its solu-
tion F' under the initial condition that F'(¢) = 0.1

LEMMA 6: If vo = w1 — ¢ (so that A = 0), then the solution of Eq. (9) under the initial
condition F(t) =0 is given by
Ft)=1—¢/ 070 (10)
where J(t) = %e” + —E(%@)t.

If vy # vy — ¢ (so that A#0) and A+ Be™ > 0 for all t € [t,1), then the solution of
Eq. (9) under the initial condition F(t) = 0 is given by:

F(t)=1-¢e0-CO vt a1

where G (t) = 5t + 1 (% _ E(lé(t))) In (A+ Be ).

Given a support [t, ¢], Egs. (10) and (11) describe a candidate for a continuous symmetric
MPE. To show that this candidate is indeed a continuous symmetric MPE, we need to show

that it is a CDF, and that there are no profitable deviations outside the support [¢, ?].

SNotice that the lemma does not cover the case in which vg #v1 —cand A+ Be M is not positive for all

t € [t, ). But, this case turns out to not be relevant for our analysis.
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REMARK 1: To better understand the economic interpretation of Eq. (9), suppose that
Player 2 inspects according to the distribution F'. What is the gain for Player I from de-
laying her inspection at time t by At? Conditional on the event that Player 2 did not
inspect until t, Player 1 switches from being the leader to being the follower with probabil-
ity At - f(t) /(1 — F (t)), and she gains A+ Bx (t). With the complementary probability,
Player 1 inspects at time t + At, and gains At - (D + E(vg)z (t)). Taken together, this

implies that the expected gain from a small delay at time t is given by

At- f(t) At-f ()
H(t,At)=——=-(A+ Bz (t 1————=|-At-(D+ FE t)).
(A1) = P (A Br() + (1= T ) At (D + B (1)
A necessary condition for the strategy F' to be a symmetric MPE strategy is that

limay—o (H (t, At) /At) = 0. This yields Eq. (9).

5. MARKOV PERFECT EQUILIBRIA IN THE TWO-PLAYER GAME

In this section we characterize the symmetric MPE of the two-player game. We show
that the MPE may take one of two forms, depending on the parameters of the game. The
first type of MPE involves frequent synchronized inspections, and the second exhibits slow
diffusion in which the players inspect randomly at different times.

Denote x* = z(7") = e~ A", where 7* is the optimal inspection time in the one-player
game (see Proposition 1). The following threshold value plays a crucial role in the charac-
terization of equilibrium:

c
1—a*

Simple algebraic manipulation shows that v > vy if and only if t° > 7* (where t° is

52 =V — (12)

defined in Eq. 6), with equality when vy = 09.16 When vy < Uy we say that the follower

prize is small, and when v9 > U2 we say that the follower prize is large.

5.1. The Case of a Small Follower Prize: Synchronized Inspection

Suppose that the follower prize is small. Namely, vo < v9. Recall that the two-player
game exhibits two strategic considerations. On the one hand, the players compete to dis-

cover the prize. On the other hand, the presence of another player introduces the possibility

1670 see this, see Step 2 of the proof of Theorem 2.
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to “free-ride.” The analysis in this section shows that when the follower prize is small, the
competition effect dominates, and each player wants to be the first to discover the prize.
Formally, if vo < U9, then the unique symmetric MPE strategy has an atom of probability

one at ¢°. It thus exhibits perfectly synchronized inspections.

THEOREM 1: Suppose that vo < vo. The unique symmetric MPE strategy of the two-

player game is given by

0,t<t°,
P2 = 1,t>1t° ()

where t° is defined in Eq. (6).

In the equilibrium described in Theorem 1, both players synchronize their inspections
and inspect at times ¢°,2¢°,.... Namely, the players inspect simultaneously at the exact
times in which they are indifferent between being leader and follower.

To see why this is an equilibrium, recall that by Proposition 4, the players’ payoff under
this strategy is w(t°). A player cannot benefit from inspecting earlier because ve < Uy
implies that t° < 7*. This means that by advancing the inspection to ¢ < t°, the player’s
payoff would be equal to the payoff of the player in the one-player game who inspects at
the same times. Lemma 3 implies that this payoff is quasiconcave in the inspection time,
and so such a deviation is not profitable.!” And, deviating and inspecting after time ¢°
would turn the player into a follower at ¢°, which would not affect her payoft.

The intuition for why F° is the unique symmetric MPE strategy hinges on the observa-
tion that when v9 < vg, in equilibrium there is no time ¢ in which the players inspect and
the follower and delay gains have opposite signs. Therefore, by Observation 1, the support
of a symmetric MPE strategy must be concentrated at ¢t° where the follower gain is zero,
implying that it coincides with F°. Despite the positive delay gain at ¢°, a player cannot
profit by delaying his inspection as this would make him a follower with probability one.!8

The following corollary is an immediate implication of Theorem 1.

" This argument makes use of the observation that if a player prefers to deviate to an earlier inspection time
once, then the player would also want to deviate every time she finds herself in the same situation.
8Recall that by definition, a player enjoys the delay gain only if the other player does not inspect in the

meantime.

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

24

COROLLARY 4: If vy < 09, then the unique symmetric MPE strategy does not exhibit
“diffusion”: the two players synchronize their inspections. Moreover, they inspect more

frequently compared to the one-player benchmark.

The values of v1, v2, and ¢, affect the frequency of inspection and the equilibrium payoff.
Intuitively, a larger value of v; induces a lower value of ¢° and hence a higher frequency
of inspection. The effect on the equilibrium payoff is more subtle: on the one hand, a
higher value of v; increases the players’ payoff, but on the other hand, the faster inspection
decreases it. It can be shown that the first effect dominates, and that the player’s equilibrium
payoff increases in the value of v;. The effect of the cost c is exactly the opposite. Increasing
it decreases both the frequency of inspection and the equilibrium payoff.

To see the effect of v2, note that a larger value of v9 makes being the leader relatively less
attractive and so decreases the frequency of inspection. By Proposition 4, this also increases
the players’ equilibrium payoff because it delays inspections.!” While this second result
holds true for small values of v, this is not the case for large values of vo, as shown in the
next section.

Finally, it is worth highlighting that the rate of inspection in the MPE described in The-
orem 1 is unaffected by the players’ discount rate r, as long as v9 is smaller than the cutoff

v9 (but notice that the discount rate » does affect the value of the cutoff v5).

5.2. The Case of a Large Follower Prize: Diffused Inspection

When the follower’s prize vs is large, both players benefit from free-riding on each other.
In this section, we show that this has a significant effect on the symmetric MPE of the game.
Suppose that va > v3. As we show below, the upper bound of the distribution of the MPE
strategy F' is given by:
t°, if vo <v1 —c,
= e (14)

00, 1if v9 > v —c,

where ¢° is defined in Eq. (6).

1t is noteworthy that unlike v1 and ¢, the value of vy does not affect the function w(-). Thus, it affects the

players’ equilibrium payoff only through its effect on the timing of inspection.
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The next proposition describes the unique symmetric MPE of the two-player game in the

case where vy > v9. Notice that this MPE exhibits diffused inspections.

THEOREM 2: Suppose that vo > vy. Then, there is a unique symmetric MPE strategy.
The players’ strategy in this equilibrium is characterized by a continuous CDF that is given
by Eq. (10) (if vo = vy — ¢) or Eq. (11) (if vo # v1 — c¢), that is supported on the interval
[t,t] = [7*,7°).

To prove Theorem 2 we start by showing that the continuous CDF that is given by
Eq. (10) or (11), and is supported on the interval [7*,7°], is indeed a symmetric MPE.
To show this, we first prove that the follower gain A + Be~* is positive for all ¢ in the
support of F', which allows us to employ Lemma 6. Next, we show that the delay gain is
negative for all ¢ in the support of F'. It follows that the derivative f that solves Eq. (9)
is positive. Therefore F' is monotone increasing, and hence describes a CDF. Finally, we
show that inspections outside the support of F' are not profitable deviations.

To prove that F' is the unique symmetric MPE, we first show that the lower bound
of the support of any symmetric MPE must be equal to 7%, and the upper bound is at
most ¢°. This pins down the equilibrium payoff vy = w(7*). We then employ a gen-
eral result in the Theory of Distributions. The right-hand side of (IND) is of the form
(1—F(t)g(t) + f:zo h(r)dF(r), where g and h are two smooth functions, and the left-
hand side is a constant. Simple calculations show that the functions g and / can be equal
only a finite number of times on the interval [t, ¢]. According to Theorem 2.24 in Hérmann
and Steinbauer (2009), on any interval in which g and / are not equal, if a continuous so-
lution to (IND) exists, then this solution is unique among all possible solutions, continuous
or not. Because the distribution F' in Eq. (10) or (11) is differentiable, it follows that (IND)
does not admit any non-differentiable solutions.

Figure 1 depicts a symmetric MPE strategy and its density for different parameter values.
It is noteworthy that the density of the distribution of inspection times is first increasing and
then decreasing in ¢. As can be seen in the figure, a higher value of the follower prize v
stretches the support of the MPE strategy to the right (towards larger values). By contrast,
the lower bound of the support of the MPE CDF is always equal to 7%, for any value of

vy > vo. This last fact, together with Proposition 4, implies the following result.
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’ 1 2 3 4 5 6 1 2 3 4 5 6
(a) CDFs of symmetric MPEs (b) PDFs of symmetric MPEs

FIGURE 1.—CDFs and PDFs of symmetric MPE strategies for different parameter values. The black curves
correspond to the parameters v; = 10, vo = 7.5, ¢ = 2, r = 0.75, A = 0.25, and v = 4.566. The red curves

correspond to the same parameters, with the only difference that vg = 9.5.

COROLLARY 5: Suppose that vy > vy. Then, the players’ symmetric MPE payoff vg is
equal to the payoff in the one-player problem.

It is also noteworthy that by Corollary 5, as long as ve > v9 the players’ equilibrium
payoff is independent of the value of vo. Intuitively, this independence is due to the fact that
as vy increases, the players intensify free-riding on each other by delaying their inspections.
This is illustrated in Figure 1 that shows that the symmetric MPE strategy with a larger v

first-order stochastically dominates the symmetric equilibrium strategy with a smaller vs.

5.3. Social Welfare

Suppose that the players’ utilities are quasilinear, so that utility is transferable. Thus, the
socially optimal inspection policy is given by the solution to the one-player problem, where
the prize is given by v + va.

Throughout the analysis presented above, the value of the follower’s prize vy played a
crucial role in the characterization of equilibrium. The next proposition demonstrates the

effect of the value of v9 on social welfare.

PROPOSITION 7: There exists a unique threshold vy = v2(v1, ¢, A, 1) < Uy such that:
(i) when vy < Vo, the players inspect “too frequently” relative to the socially optimal
policy;

(ii) when vy > U9, the players inspect “too rarely” relative to the socially optimal policy;
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(iii) when vy = s, the players inspect according to the socially optimal policy.

The key idea is that when vy is small, the competition between the two players is fierce.
The players inspect too frequently in an attempt to be the first player to find the prize, which
erodes their joint welfare. By contrast, when vy is high the players try to free-ride on each
other, and therefore they inspect too rarely. There is a unique value of v for which the two
effects exactly offset each other.

An implication of the fact that vy < v9 is that when an economist lacks direct access
to the model’s parameters but can observe the equilibrium dynamics in play, Proposition
7 indicates that the observation of diffused inspections suggests that players inspect too
rarely compared to the social optimum.

Furthermore, our analysis could also offer valuable insights for the design of regulatory
policy. For instance, consider the problem faced by a social planner (or, a regulator) who
needs to divide a resource amount v > ¢ between a leader’s prize (v1) and a follower’s
prize (v2) such that v; + v2 = v. One conclusion that follows from Corollary 5 is that
having a follower prize v greater than vy is Pareto dominated. When players’ utilities are
quasi-linear, it is straightforward to verify that the socially optimal inspection policy can
be obtained by solving the one-player problem with a prize of size v.

Denote the socially optimal (recurrent) inspection time by 7*(v) (see Proposition 1).
Can the designer choose a prize scheme (vi,v2) that satisfies v1 + vy = v and induces
socially optimal inspection level in equilibrium? The answer is positive. Intuitively, if the
prize scheme is (v; = v,v2 = 0), the competition force governs the players’ equilibrium
behavior, causing them to inspect too frequently compared to the socially optimal inspec-
tion level. Conversely, if the prize scheme is (v] = ¢ + £,v3 = v — ¢ — ¢) for some small
€ > 0, then the free-riding force governs the players’ equilibrium behavior, causing them
to inspect too rarely compared to the socially optimal inspection level. Continuity of the
quantities 7%, t°, and U2 in v; and in vo (see Egs. (1), (6), and (12)) implies the existence of
a value of the follower prize v for which the equilibrium inspection frequency coincides

with the socially optimal level.?"

2Specifically, Do has to satisfy the equation t°(v] = v — T2, v9 = T2) = 7% (v), and can be computed numeri-

cally.
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6. DISCUSSION
6.1. Other Equilibria

Thus far, our analysis has focused on the symmetric Markov perfect equilibria (MPEs)
of the game. Symmetric MPEs possess two appealing characteristics. Firstly, they consist
of Markov strategies, which, intuitively, require less sophistication from the players as they
allow the players to only condition their behavior on payoff-relevant variables. Secondly,
since the game and the players are ex-ante symmetric, studying symmetric equilibria is a
natural choice. Consequently, symmetric MPEs serve as a natural starting point for analyz-
ing the game.

However, the game also has asymmetric equilibria. For example, consider the case in
which v9 > v;1. Then, the following pair of strategies is an equilibrium. Player 1 inspects
at the optimal frequency in the single-player problem, i.e., every 7" units of time; Player
2 never inspects. To see that this is an equilibrium of the game, notice that given that
Player 2 never inspects, Player 1 essentially faces a single-player problem and so responds
optimally. And, because vy > v1, Player 2 cannot do better than free-riding on Player 1’s
inspection.

The game also has symmetric equilibria that are not Markov strategies. An example of
such an equilibrium can be illustrated as follows: Assume that v1 =1, v =0, ¢ = 0.05,
r = A = 0.5. Computation shows that in this case, 7" ~ 0.646. Consider the following sym-
metric strategies: Both players inspect every 7% units of time until the prize is discovered
or until one of the players deviates. If a player deviates, then the players revert to playing
the MPE strategies characterized in Theorem 1, where they inspect every ¢° ~ 0.1 units
of time. Notice that because vy = 0, the players’ continuation payoff after reverting to the
strategies characterized by Theorem 1 is zero.

To understand why this is an equilibrium, observe that the most profitable deviation for
a player is to inspect at 7 — ¢ for some small £ > 0. However, calculations reveal that
the gain from such a deviation is not significant enough to warrant the deviation, taking
into account the fact that in the continuation game the players will inspect “too frequently,”
every t° &~ 0.1 units of time. These strategies are not Markov strategies because the players’
actions depend on components of history (specifically, whether a player has deviated before

or not), which are not payoff relevant.
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6.2. Modelling Assumptions

In this section we discuss three of our modelling assumptions and explore some natural

alternatives to these assumptions and their implications.

6.2.1. Observable vs. Unobservable Actions

Throughout our analysis, we have assumed that the players’ inspection times are observ-
able. This assumption implies that both players are symmetrically informed at all times.
While this assumption is applicable in certain environments, there are scenarios where it is
less suitable.

In the parameter range in which the follower prize is small (i.e., vy < v2) our analysis and
the characterization of the symmetric MPE are unchanged under the alternative assumption
that inspection times are unobservable. The reason is that, as stated in Theorem 1, when
the follower prize is small, the players inspect simultaneously at ¢°, which is the point in
time in which a player is indifferent between being the leader and the follower. This also
implies that a player would still inspect at the same time as long as the strategy of the other
player is to inspect at t°, even if the inspection time itself is not observable.

This reasoning no longer holds in the parameter range in which the follower prize is
large, because in this case the fact that the symmetric MPE involves mixed strategies im-
plies that the players would be asymmetrically informed about past inspection times, which
affects their strategic considerations. The characterization of MPE in this environment re-

mains an open question.

6.2.2. Payoffs upon Simultaneous Inspection

In the model, we assumed that if the players inspect simultaneously, they are randomly
assigned the roles of leader (incurring the inspection cost ¢ and obtaining the payoff v if the
prize has already appeared) and follower (not incurring the inspection cost and obtaining
the payoff vy if the prize has already appeared). Assuming instead that if the two players
inspect at the exact same time, then each of them pays half the cost of inspection, i.e., ¢/2,
and they are randomly assigned to receive the prizes v and vg, yields identical results.

An alternative and plausible assumption is that if both players perform their inspections
simultaneously, then both players incur the entire inspection cost ¢, while the allocation of

the leader and follower prizes remains random. In the parameter range where the follower
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prize is large (v2 > v3), the MPE characterized in Theorem 2 remains valid. This is because
this MPE involves continuous strategies, and therefore the probability that both players
inspect simultaneously is zero.

However, in the parameter range where the follower prize is small (vy < v2), the MPE
characterized in Theorem 1 is no longer an MPE under the alternative assumption that
both players bear the entire inspection cost upon simultaneous inspection. This is because
a player can gain a payoff that is bounded away from zero by slightly advancing their
inspection time. This reasoning suggests that a symmetric MPE strategy cannot include an
atom. Therefore, in the absence of any other special adjustments to the model (such as the

use of a correlation device), no symmetric MPE exists in this case.?!

6.2.3. Decoupling the Discovery and the Claiming of the Prize

In the model, we have assumed that the first player to discover the prize claims it imme-
diately and receives a payoff of v;, while the other player receives a payoff of vo. While
this assumption holds true in certain scenarios, there are instances where a player may be
able to defer the claiming of the prize despite knowing of its presence. This becomes par-
ticularly appealing when v2 > v1. In such cases, the allure of being the follower rather than
the leader prompts players to vie for the follower position even after learning of the prize’s
existence.

The model can be adapted to incorporate this consideration in a straightforward man-
ner. First, players engage in a competition to discover the prize, bearing a cost of ¢ per
inspection as in the original model. Once the prize is discovered, a “competition” to claim
the prize ensues. In this competition, the act of claiming the prize carries no cost; the first
player to act receives the payoff v, whereas the other player receives the payoff vo. If both
players act simultaneously, the player who discovered the prize is granted priority.

An equilibrium in this adapted game can be characterized using the results presented

above. In the case where v; > vo, it is optimal for the player who discovers the prize to

IThe relationship between the type of tie-breaking assumption employed and the existence or non-existence
of equilibrium is well-established. For further discussion on this matter and the potential adaptations introduced

by the literature, see Fudenberg and Tirole (1991).
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immediately claim it. This implies that the analysis of this variation of the game coincides
with our previous analysis.

However, when vy > v1, the player who discovers the prize does not want to be the first
to claim it. In this case, because it is commonly known that the prize has already appeared,
the two players initiate a war of attrition over who will be the leader and who will be the
follower. In this war of attrition, the cost of not acting is due to discounting. Let v denote the
players’ expected payoff in a symmetric MPE of this war of attrition subgame.?? Thus, the
analysis of the first stage competition between the players in the adapted game coincides
with the analysis presented in Section 5.2 where the leader and follower prizes are both

equal to v.

7. CONCLUSIONS

In this paper, we analyze a game of hunting for “opportunities” — events that occur at un-
certain points in time and identifying them is costly. We characterize the unique symmetric
Markov Perfect Equilibrium in this game. The qualitative form of this equilibrium depends
on the model’s parameters, and attains one of two forms: one featuring simultaneous and
synchronous inspections, and another involving inspections dispersed randomly over time.

In addition to its theoretical contribution as the first paper (to the best of our knowledge)
to solve opportunity hunting games, our model also offers applied economists a practical
framework for analyzing competitive scenarios centered around opportunities. Importantly,
our framework does not require the economist to commit beforehand to the type of com-
petition (e.g. first- vs second- mover advantage) or to the dominant strategic force guiding
players’ behavior within the model. Instead, these can be estimated directly from the avail-
able data.

Finally, our analysis makes methodological contributions to the literature on continuous-
time timing games in which agents can act multiple times. We hope that these contributions

will prove valuable for the analysis of other models sharing a similar structure.

22The existence of a symmetric MPE in this subgame can be established, for example, by adapting the analysis

presented in the previous sections to the case where the prize always exists. In this symmetric MPE, both players
r(vi—c) sG
( )(E—t77)

inspect according to a continuous distribution with the CDF F(t) =1—e* c—v1tv2

tSG tSG

, which is supported

over the interval [t”*, 00), where is the time in which the subgame begins. The players’ equilibrium payoff,

discounted to the time in which the subgame begins, is given by v — c.
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APPENDIX: APPENDIX: PROOFS
Proof of Lemma 1

We will construct the unique probability distribution over plays induced by (o1, 02) by
transfinite induction. The distribution of ¢ is determined by o1 ((}) and o2 ().

Let . be a limit ordinal, and suppose that the distribution over histories with av < vy is
uniquely defined. Then ¢, = sup,,, ta-

Let ai, + 1 be a successor ordinal, and suppose that the distribution over histories with
a < a is uniquely defined. Denote by h the random variable of the history up to ¢, . The

conditional distribution of ¢, 41 given h is determined by o1 (k) and o2(h).

Proof of Lemma 2

To prove the proposition we need some notation. For every pair of strategies (o1, 02) and
every history h = (a*, {to }a<a*, (), denote by U(o1,02; h) the expected payoff of Player 1
under (07, 02) in the subgame that starts at h. The quantities (U(o1,092;h));, are related

through the following recursive equation:

1
U<01702; h) = / |:(131<52 + 5 : 151—52> e—r(sl—ta*) (15)
$1,82€(t % ,00]

: (—c + (1 — e M7t )y 4 e A1) [ (0 0y h’))

1
+ (181>52 + 5 151:52) e T(s1—tox)
: <(1 — e At ) Yy 4 oA ST ) [ (0 oy h'))] o1(h)(ds1)oa(h)(ds2),

where h’ is the history after the current one, so it is created by adding to h either
(tar+1 = S1,tar41 = {1}) Gf s1 < s2), or (tar+1 = S2,ta*+1 = {2}) (f s1 > s2), or
(tar+1 = S1,ta*+1 = {1,2}) (if 51 = 52 < 0).

Denote
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U(O‘1,02, h) ::/ ((151<82 + 3 . 131:52> e—T(Sl—ta*) (—c—f— (1 - 6—)\(81—15@*))'0}3
$1,82€ (t g% ,00]

1 —7r(S1—TC,* — S92 —1 %
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the unconditional expected payoff of Player 1 due to the first inspection done after ¢+, and
by

P(o1,09,h) := / emrmin{siszk—tax) o (B)(dsy ) o () (dsz),

51,82€(ty*,00]

the expected discounted time (normalized to time ?,+) until the next inspection. Finally,
define

A(o1,09,h) := ﬁ(al,ag,h)/.ﬁ(al,ag,h),

to be the normalized expected payoff to Player 1 until the next inspection. When o7 and
o9 are Markov, A(o1,09,h) is independent of h, and coincides with Player 1’s expected
payoff under (o1, 02).

Player 1’s expected payoff under (o1,02) is a convex combination of (A(o1,092,h))p,
where the weight of A(oy,09,h) is given by the unconditional probability that the first
inspection done after history A is successful.

Fix now a Markov strategy oy of Player 2, and let o1 be an (¢/2)-best response of
Player 1 to o3. Denote u := supj, A(o1,02, h), where the supremum is over all histories
h. Since the expected payoff under (o1,02) is a convex combination of (A(o1,02,h))p, it
follows that this expected payoff is at most w.

Let hg be a history such that A(o1, 02, hg) > u— 5. Finally, let o] be the Markov strategy
that is defined by o1 (ho): after each inspection, the distribution of the next inspection time
of Player 1 is according to o1 (hg), shifted to time of the last inspection.

Since o and o9 are Markov strategies, the expected payoff under (0, 02) is A(07, 02, h)
(and this quantity is independent of h). By the choice of hg, this expected payoff is at least
u — €/2, and hence at least the expected payoff under (o;,02) plus €. The proposition

follows.

Proof of Lemma 3

At

Substituting x = e~ in w(-), and differentiating w(-) with respect to z, yields:
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A+r
- (r/A)+1 AL _
i(—c%—(l—ﬁ)m)_(m c)x +< LY >x+(v1 c)(r/N)
L\ N, TP (5= x)z

(16)

The denominator on the right-hand side of Eq. (16) is positive. Hence, the sign of the
derivative is determined solely by the sign of the numerator on the right-hand side. It is easy
to verify that this sign is positive at = 0 and negative at x = 1. And, because the derivative
of the numerator with respect to z is given by —% (A+7) ((1 — x§> vy + c:zc%7"> , which
is negative for all x € [0, 1], the numerator is decreasing in x. Let z* denote the (unique)
value for which the numerator is equal to zero. Thus, w (x) is increasing for all x < z* and

decreasing for all # > 2*. The result follows from the fact that 2 = e~ is decreasing in .

Proof of Proposition 1

We first prove that the player has an optimal strategy which is Markov. We then show
that it is given by inspecting at times k7, k € N, until the prize is found.

To prove that the player has an optimal strategy which is Markov, we use a result due to
Jasso-Fuentes et al. (2020) or Stachurski and Zhang (2021), which provide conditions un-
der which a Markov decision problem with general state space and state/action-dependent
discount factor admits the dynamic programming principle.

Our first goal is, then, to provide an alternative representation of the decision problem,
where time is discrete. Suppose the set of states is N x [0, 0o]: the first coordinate counts the
number of inspections that were already made by the players, and the second coordinate
corresponds to time. The initial state is (0,0). The set of actions of the player at state
(k,t) for t < oo is [t, 00]; the interpretation of action a € (t,00) is that the player inspects
at time a, the action a = oo corresponds to no future inspection, and the action a =1 is
interpreted as doing another inspection at time ¢. The payoff that corresponds to action a
is —c+ (1 — e~ @)y, with probability 1 — e=*@~%) the prize is found and the game
terminates, and with probability e=*(@~%) the prize is not found, and the game continues to
state (k + 1,a), with a state/action-dependent discount factor e~"(%~)_ The states (k,c0)

for k € N are absorbing; the player has no available actions, and the payoff is 0.
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The payoff function is continuous, the action sets are compact, and the transitions are
continuous, hence by Jasso-Fuentes et al. (2020) or Stachurski and Zhang (2021) the
dynamic-programming principle applies, and the player has an optimal strategy o, which
is pure and Markov. The reader can verify that o is also optimal in the original problem.

The definition of 7* implies that the optimal pure Markov strategy is to inspect at times

kt* for k € N, which completes the proof.

Proof of Lemma 4

At

As in the proof of Lemma 3, substitute = e~ " in w(+) and recall that the optimal sam-

pling time 7* is determined by the value x* that solves dg—:g) (z) = 0. By Eq. (16) we have

A
that & )m,f LA v1 L (A + 7). The right-hand side is decreasing in v, and increasing in c,

and since z* € (0, 1], the left-hand side is decreasing in x*. It follows that z* is increasing

in vy, and decreasing in ¢, as claimed.

Proof of Lemma 5

By Proposition 1, in the single player problem, the optimal strategy is to inspect every 7*
units of time. By the Dynamic Programming Principle of Optimality (which holds because
of the argument presented in the proof of Proposition 1), it follows that in the one-player
problem, if the continuation payoff following a failed inspection is fixed at w(7*), then the
optimal inspection time is 7% (possibly not unique).

Therefore, the derivative according to ¢ of the expression e~ (—c +(1— e By + e
which is similar to the expression on the right-hand side of Eq. (1) where w(t) is replaced
by w(7*), is equal to zero at t = 7*. It follows that if w(7*) = vg, then L'(7*) = 0 and so
also the delay gain L'(7*)/e™"™ = 0.

Uniqueness follows from the fact that vy = w(7*) < vy, and therefore the expression in

Eq. (5) is monotonic in ¢ and can be equal to zero for at most one value of ¢.

Proof of Proposition 2

Assume to the contrary that F'(co) := limy_,o F'(t) < 1. Let € > 0 be sufficiently small

such that v1 > c+ <. Let s > 0 be sufficiently large such that %(F)() < e. In words, the

conditional probability that a player will inspect after time s, provided she did not inspect
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up to time s, is smaller than e. Such s exists since F'(c0) < 1. Assume, without loss of
generality, that s is sufficiently large so that (1 — e™**)v; > e(v; + v2).
The probability that no player inspects before time s is (1 — F(s))? > 0. All subsequent

calculations assume that no player inspected before time s and are discounted to time s.
F(o0)—F(s)
1-F(s)
payoff of a player who follows F' is smaller than ¢ - (v; + v2). Since vo > 0, the payoff

Since the probability that a player inspects after time s is < ¢, the expected
of a player who inspects at s is at least (1 — e~**)v1.23 Yet, by our choice of s we have

(1 — e %)y > e(v1 + v2), which contradicts the assumption that F is an equilibrium.

Proof of Proposition 3

The idea of the proof is as follows: when both players inspect at ¢, the identity of the
leader and the follower is determined randomly. If there is an atom of size ¢ at ¢, then
the probability that at least one of the players inspects at ¢ is 1 — (1 — )2, and hence
the probability that a specific player will be the leader is half this quantity, which is § —
% =q(1— g), which is smaller than ¢ and larger than (1 — g). By slightly delaying the
inspection to ¢t 4+ ¢ (and ignoring the probability of an inspection between ¢ and ¢ + ¢,
which goes to 0 with ¢), the player lowers the probability to be the leader because of this
atom to ¢(1 — ) while by slightly advancing the inspection to ¢ — ¢ (again, ignoring the
probability of an inspection between ¢ — € and ?), the player increases the probability to be
the leader because of this atom to g. In an equilibrium, the player cannot profit by delaying
the inspection at ¢ or by advancing it in time, which implies that both eventualities yield
her the same payoff. It turns out that this condition pins down ¢.

We turn this idea into a formal proof. All calculation we do next are discounted to ¢
and conditional that no player inspected before ¢. The payoff of a player who inspects
alone at ¢ is y; := —c+ (1 — e_)‘t)vl + e~ My, and the payoff of the other player is 5 :=
(1-— e‘At)vg + e~ My, where vg in both equations denotes the equilibrium payoff. The
payoff of the players if they both inspect at ¢ is ;2 := %71 + %72. Denote by 7 the payoff

of each player if no-one inspects at ¢.

BWith probability 1 — e, the player discovers the prize at s, and obtains the payoff v1; with the compli-

mentary probability, she obtains the equilibrium payoff v, which is positive because vo > 0.
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Denote the size of the atom at ¢ by ¢ := F'(t) — F'(t—), and the conditional probability

g
T—F)

Discounted to ¢, a player’s payoff under F', conditional that no player inspected before ¢,
is g1=¢*y12 +q(1 — @)1 +q(1 = )2 + (1 — ¢)*y0.
For every € > 0 denote by F€ the strategy that moves the atom at ¢ to ¢ — ¢, and by

of inspecting at ¢ if no inspection was done by that player before ¢ by ¢ :=

F% the strategy that moves the atom at ¢ to ¢ + €. Denote by g° the payoff of a player
who adopts the strategy F° until the first inspection and afterwards follows F', while her
opponent follows F' (discounted to ¢ — €, conditional that the prize was not inspected before
t —¢). Then

g = gi_r:%gg_ = g7+ (1 —q)v2 + (1 — 9)*. 7)

For every € > 0 denote by g° the payoff of a player who adopts the strategy F'{ until the
first inspection and afterwards follows F', while her opponent follows F' (discounted to

t + ¢, conditional that the prize was not inspected before t). Then
g+ =lim g% = g2 +q(1 =g+ (1 - ). (18)

In particular, g; = % g— + % g+. Since F'is an equilibrium, g_, g+ < g1. Hence, g; = % g— +
% g+ < % g1+ % g1 = g1. It follows that g4 = g_ = g1, and hence ~y; = 72, or, equivalently,
e~M = U—%=C The result follows. The equality v, = 7o further implies that the player is

V1 —U2
indifferent between being the leader or the follower at ¢.

Proof of Proposition 4

The proof appears in the text.

Proof of Proposition 5

By Proposition 2, F'(t) = 1. Suppose by way of contradiction that ¢ is finite and different
from ¢°. Thus, by Proposition 3 the follower gain at ¢ is different from zero. We will derive
a contradiction, whether the follower gain is positive or negative.

If the follower gain at ¢ is positive, then fixing the strategy of Player 2, it is beneficial
for Player 1 to postpone all inspections in the interval [t — ¢, ] to ¢ + ¢, for any small § > 0
(i.e., immediately after ). By doing so, Player 1 ensures that she becomes the follower

conditional on having reached ¢ — . This improves her payoff because the follower gain
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is bounded away from zero, while the cost of discounting that is induced by the additional
delay is negligible.>*

Analogously, if the follower gain at ¢ is negative, then it is beneficial to advance all
inspections in the interval [f — &, ] to t — £. This way, conditional on reaching ¢ — ¢, Player
1 increases the probability of being the leader from 1/2 to 1 while the probability to find
the prize is only negligibly affected.

Proof of Proposition 6

Recall that the support of F' is a closed set, so its complement is an open set. Suppose
by contradiction that the support of F' is not convex. Then there is an interval (tAo,tAl) that
is disjoint from the support of F', yet 1o and t; lie in the support of . It follows that the
integral on the right-hand side of (IND) is the same for every t € [fo, 1), because dF(r)
vanishes inside this interval.

We distinguish between two cases, where 7 # ¢° and where #( # t°. Since 7] # o, at

least one of these cases holds.

Case 1: Suppose that t # t°. Since there is no atom at ti1,both1 — F (t) and the integral
on the right-hand side of (IND) are constant on ft\o, ?1] (and not only on ﬁ\o, %\1)). Denote the
coefficient of (1 — F'(t)) in (IND) by

h(t) :=e " <—c +(1—e M + e_/\tvo> . Vs € [to, ). (19)

The function A is differentiable. Since F is a symmetric MPE strategy, for every ¢ € (fo, 1)
the left-hand side of (IND) is larger than or equal to the right-hand side of (IND). It follows
that h(t) < h(ty) = h(t1), Vt € [to,t1]. Hence, h'(ty) < 0 and A (t1) > 0.

The derivative of h is
B(t)=e <(7‘ +Ne (v —vg) — (v — c)) : (20)

The term ="' does not change the sign of the product in Eq. (20), and the term in the
parenthesis is decreasing with ¢ (since v; > vg by Corollary 3). This contradicts the fact
that 2/(tp) < 0 and A/ (1) > 0.

24This cost arises due to the delay in future inspections.
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Case 2: Suppose that to #1°. For every t < 11 denote
ft)=e Mo+ (1—e Mg,  gt) = er(ti=t) (e_/\avl +(1— e_AtAl)v()) . @D

Consider the situation faced by a player at to, conditional on the other player not inspect-
ing before, and discount payoffs to to. Since there is no atom at 7, if the player inspects at
1o, her payoff is f(ty). Since (fo,t1) is disjoint of the support of F, the probability that the
other player inspects in the interval Eo,tAl) is zero. Hence, if the player inspects at 71, her
payoff is g(tg).?

By the indifference principle, the player is indifferent between inspection at times o and
t1, and therefore f (fo) = g(tAo). But this is impossible when to =+ 11. To see this, notice that
by Eq. (21) we have that f(;) = g(t1). But f/(t) = —Xe M(v; —vg) <0, Vt <?%, and
g )= rer(t—t) (e*)‘avl +(1— e*)‘?l)vo> >0, Vt<t. Therefore there does not exist
atime ¢ < t; such that f(t) = g(t).

Proof of Lemma 6
When A = 0, we necessarily have B = ¢, and Eq. (9) reduces to f(t) - cx(t) = (1 —
At

F(t))-(—D—E(vo)z(t)). This equation can be written as — 15%) = 7D7£§f0)6 , whose
solution is F(t) =1 — e/O=/®) where J(t) = LM + wt.

When A # 0, Eq. (9) can be equivalently presented as

t D+E({)-e™ E(t ABE(t 1 _
__ SO _D+EY it = <‘>+(D— Q) 7 Vte(tD),
1—F(¢) A+ Be™ B B A+ Be™

and therefore in the interval [¢, {] we have

J (2 - (5 (0~ 250) b

Using the facts that [ ﬁdt = (% + A%\ In (A + Be*At)) + K (when A, X # 0 and

A+ Be ™ > 0 in the interval of integration) and [ — 15%) dt=In(1-F(t)) + K, we

obtain:

In(l—F(t)):%H— (D—AET@) <%+ALA1D(A+BG—“)) + K

BIf 1 =t°, the player is indifferent between being the leader and follower, and this equation still holds.
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D, 1(D EQ i

Denoting G (1) = §t + § (§ = 52 ) n (A+ Be™), we obtain Eq. (11). Thus, when

A # 0, the only continuous solution of Eq. (9) is given by Eq. (11).

Proof of Theorem 1
The proof consists of four steps. We first argue that F° is a symmetric MPE.

Step 1: F'° defined in Eq. (13) is a symmetric MPE strategy.

By Proposition 4, the payoff under F° is w(t°). As mentioned before, the condition
v < vy implies that t° < 7%, and because by Lemma 3 w(+) is quasiconcave and attains
its maximum at 7, it follows that no player can profit by deviating and inspecting at some
time ¢ < ¢° (a deviation that yields w(t)). And, deviating and inspecting after time ¢° only
increases the probability that the player is the follower at ¢°. This is not profitable because,

by Proposition 3, the follower gain at ¢° is zero.

To prove that F'S is the unique symmetric MPE, we fix a symmetric MPE strategy F #
F*, and show that (i) the support of F'is included in [min {to, tP } ,max {to, tP }] , Where
tP is the value that sets the delay gain equal to zero (that is, such that D + F (vo)-x (tD ) =
0), (i) tP < t°, and (iii) t© > ¢°. It follows that the probability mass in F' must be concen-
trated at ¢£°, which implies that it coincides with FS. A contradiction.

Let ¢ and ¢ denote the lower and upper bounds, respectively, of the support of an MPE
strategy F', and let vg = w(t) denote the equilibrium payoff (see Proposition 4). Recall that
t° is such that the follower gain A + Bx (t°) = 0.

Step 2: The support of F' is included in the interval [min {to, tP } ,max {to, tP }] .

By Corollary 3, the delay gain is decreasing in t. Since vy < U2 < vy, the follower gain
is decreasing in ¢ as well. Therefore, for every ¢ < min {to, tP } both A+ Bz (t) and D +
E (vg) -« (t) are positive, and for every ¢ > max {¢°,¢"} both A+ Bz (t) and D+ E (v)) -
x (t) are negative. By Observation 1, these two quantities must have different signs at any

t in the support of F', and the result follows.

Step 3: tP < t°.

=

w
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Suppose by way of contradiction that t” > t°. Since F' # F°, and since F assigns prob-
ability O to the interval [0,¢°), we have ¢ > t°. By Lemma 3, there is no atom at ¢. It follows
that there is some time ¢ that slightly precedes ¢, in which the players inspect under F'
(formally, F'(t) > F(t — ¢) for every € > 0).

Fix € > 0 sufficiently small, such that ¢ — € > °. Since the follower gain is decreasing
in ¢, it is negative on (¢ — ¢, ], and by Observation 1, the delay gain is positive on this
interval. Suppose a player considers advancing all inspections from the interval (¢ — ¢, ] to
t — &, conditional on no player inspecting before t — ¢. This has two effects on the player’s
payoff. The first effect is the delay gain. Because the length of the interval (¢ — ¢,] is
g, this gain is in the order of magnitude of €. The second effect is the follower gain. By
advancing the inspection to ¢ — ¢, the player ensures that she becomes the leader rather
than the follower. Because the follower gain is positive on (f — &, t], switching from being
the follower on (¢ — ¢, to being the leader at ¢ — ¢, yields a positive payoff that does
not vanish as € becomes small. Consequently, for ¢ sufficiently small, the overall effect of
advancing the inspection is dominated by the follower gain, which is positive. Thus, the

deviation considered above is profitable, contradicting the assumption that /" is an MPE.

Step 4: tP > t°.

Suppose by way of contradiction that t” < t°. Recall that by definition of t” we have
x (tD) = 5(—11)?)) = )\_’;T lel__v‘;. By Lemma 5, x (7%) = )\L-H"Ulle_((;*) As before, the fact that
vy < T, implies that 7% > t° > t”. We therefore have that z (1%) = e < oMY

z (tP), or, equivalently, that o < W g - It follows that w (%) < vo = w(t).

This is a contradiction because by definition 7* is the maximizer of w(+).

Proof of Theorem 2

The proof consists of six steps. In the first three steps we show that 7% < t° and that the
strategy I’ defined in Eq. (11) and Eq. (10) with [¢, 7] = [7*,°] is a symmetric MPE. In the

last three steps, we show that this is the unique symmetric MPE.

Step 1: If t° < co then A < 0.
Since t° is finite, and since by Proposition 3 we have e M = % it follows that
the ratio 2=U2+9) s in (0,1). If v; < vo this ratio is larger than 1, if v; = vy this ratio

V1 —v2
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is undefined, and if v; € (v2, vy + (] this ratio is nonpositive. Therefore vy > vy + ¢, or,

equivalently, A < 0.

Step 2: 7 < t°.
If t° = oo the claim holds trivially. If ¢° < oo, then by Step 1 we have A < (. Be-

cause v > U = U] — ==, it follows that % > 1 — v1fv2 = —%. Thus, 7" = —%ln(x*) <

—+In(—B/A) =t°.

Step 3: The strategy F' defined by Eq. (10) (if v2 = v1 — ¢) or by Eq. (11) (if v2 # v1 — ¢)
with [¢, ] = [7*,t°] is a symmetric MPE.

If vg > vy — ¢, then A+ Be ™ = (vy — vy + ¢)(1 — e M) + ce™M is positive for all
t. If vo < w1 — ¢, then, since vy > v9, the quantity A + Be M is positive for all ¢ in the
support [7*,¢°). This is because the follower gain is decreasing and is equal to zero at
t = t°. Therefore, the conditions of Lemma 6 are satisfied, and the function F' given by
Eq. (10) or Eq. (11), depending on the value of v2, is a solution of (IND).

To show that this solution is a CDF, we need to show that f is non-negative on the support
[t,?] and that F(f) = 1. By Lemma 5 and Corollary 3, the delay gain, D + E(vg)e ", is
negative for all ¢ in the support. Therefore, Eq. (9) implies that the density f is non-negative
on the support. Next, inspection of Egs. (10) and (11) reveals that when ¢ = t°, we have
that (1) = F(t°) = 1.2

It remains to show that no player wants to deviate and inspect at a time outside the
support of F'. To see this, recall that by Proposition 4, the payoff under F is equal to w(t).
Since w(-) is maximized at 7%, no player can profit from inspecting before ¢t = 7*. And,
because (i) the equilibrium payoff is positive (see footnote 3), and (ii) F'(¢°) = 1, no player
can profit by inspecting after time ¢°.

We now turn to show that the equilibrium described above is unique.

Step 4: When v9 > 19, the lower bound ¢ of the support of any symmetric MPE is equal to
T*.
Suppose that the lower bound ¢ of the support of a symmetric MPE is smaller than 7*.

Because ¢ < 7% < t°, the follower gain at t is positive. We show that, in this case, the delay

251f A =0 then t° = oo, and so F'(t°) = 1 by Eq. (10); if A > 0 then ¢° = 0o, and so F/(t°) = 1 by Eq. (11);
and, if A < 0 then ¢° is determined such that A + BeM® = 0, and so F'(t°) =1 by Eq. (11).
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gain is also positive at ¢, which implies a contradiction to Observation 1. To see why the
delay gain is positive, recall that by Lemma 5, if the continuation payoff upon a failed
inspection was w(7*), then the delay gain would have been zero at 7* and positive at ¢.
However, the continuation payoff following a failed inspection is vg = w(t) < w(7*), which
implies that a small delay in inspection (conditional on the other player not inspecting in
the meantime) is even more profitable than in the case in which the continuation payoff is
w(7*). Thus, the delay gain is also positive at ¢ when the continuation payoff is vy = w(t).

We have therefore established that ¢ > 7*. Suppose by way of contradiction that t > 7*.
Proposition 4 implies that the payoff under the symmetric MPE is equal to w(t). However,
by deviating to a Markov strategy that inspects at 7, a player can guarantee w(7*) > w(t).

A contradiction.

Step 5: When v2 > v, the upper bound ¢ of the support of any symmetric MPE is no
greater than ¢°.

At t = t° the follower gain is zero. By Step 4 and Lemma 5, at t = 7* the delay gain is
zero. By Step 2 we have 7" < t°. Since both follower gain and delay gain are decreasing,

the upper bound of the support of the MPE strategy cannot be greater than ¢°.

Step 6: The strategy F defined in Eq. (10) (if A =0) or Eq. (11) (if A # 0) with [t,t] =
[7*,t°] is the unique symmetric MPE.

Eq. (IND) holds for every t in the support of F'. By Proposition 6 the support of F'is
convex, hence Eq. (IND) holds for every ¢ € [t,¢] = [7*, 1].

By Proposition 4, the equilibrium payoff under F'is vg = w(t) = w(7*). The function F’
defined in Eq. (10) (if A =0) orin Eq. (11) (if A # 0) is a continuous solution of Eq. (IND).
The Theory of Distributions states that if the integral equation (IND) has a solution that is a
continuous distribution, then it is the unique solution (see, e.g., Theorem 2.24 in Hérmann
and Steinbauer, 2009). Therefore, F is the only solution of (IND) for ¢. Inspecting the
formula of F', we see that if ¢ < t°, then F'(t) < 1, which is a contradiction. This implies

that ¢ must coincide with ¢°, and the proof is complete.

Proof of Proposition 7

By Theorem 2, for values vy > v9 the players start sampling at 7%, where 7* is the optimal

sampling time for a single player when the prize is v1. Lemma 4 (and the fact that v > 0)
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implies that the optimal inspection time for one player with a prize that is equal to v; + vo
is smaller than 7*. Thus, when vo > v9 the players inspect too infrequently relative to the
social optimum.

When vy = 0, the socially optimal inspection time is 7* because the social gain from
discovering the prize is v;. Theorem 1 implies that in this case the players inspect at t°,
which is smaller than 7*. Thus, in equilibrium, the players inspect too frequently relative
to the social optimum.

The MPE inspection time t° increases continuously in v (see Eq. 6), and the optimal
inspection time for one player with a prize that is equal to v1 + v2 decreases continuously
in v (see Lemma 4). Therefore, by the discussion above, these two curves (of the MPE
inspection time ¢°, and of the optimal inspection time for one player) intersect for some
value vy < v9. It follows that when vo = U5 the two players inspect synchronously at the

socially optimal frequency.
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